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BOOK III. 

CALCULUS OF IHAQINART QDANTITIE3. 



CHAPTER I. 



irODULUS AND ARGDHENT. 



1. The general form, to which geometers attempt 
to reduce all imaginary expressions, is that of a bino- 
mial, in which one term is real and the other term is 
the product of a real factor by the imaginary factor 

v-i- 

a. Thus, ir A deaote the real term, snd B the real factor of 
the iniBginary term, thia binomial type of imaginary quanti- 
tieg ia 

4 + BV-l. (1) 

b. As this expression ia imaginary, all operations, sach as 
addition, multiplication, &c., performed upon it or by it, are 
wholly devoid of their uaual meaning, and may admit of any 
coDTentional interpretation. But, then, rules must be adopted 
for performing the operations which shall be conaiatent with 
tbit interpretation ; or, reciprocally, the rules for performing 
the (^lerationB may be assumed at pleaaure, provided that a 
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IHAQIHABT QUANTITIES. [b. III. 

Values of modulus and arguinent. 



mode of iaterpretiog the operationa and the results is adopted, 
which is coDsiatent with the rules. ' Now, if we take 

m' = — l, that is, m — A/—l; (2) , 

(1) becomes A-\-Bn; (3) 

and all algebraical operations may be performed according to 
the usual rules upon (3), without any regard to the imaginary 
value of m, provided that the reaults are interpreted conalst- 
ently with thia imaginary value of m, and the real value ofm', 
which is — 1. 

2. 77ie modulus of an imaginary ej^ression of the 
form (1) is the positive square root of the sum of the 
squares of its real term, and of the real factor of its 
imaginary term. 

The argument of this imaginary expression is the 
angle, whose tangent is equal to the quotient of the 
real factor of its imaginary term divided by the real 
term. 

Thus, if R denotes the modulus of (1), and i its argument, 
we have 

R = sf{A^ + B^), (4) 

tang, i = -J. (5) 

3. Corollary. If A and B are represented by the sides of 
a right triangle, R is the hypothenuae, uid ^ is the angle op- 
posite to B. Hence, by trigonometry, 

X = B 601. fl, (6) 

B = Rmn.ti (7) 
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^ 6.] HODULOS AMD A&6DHEHT. 6 

Argument of any real quantilj. 
lod the value of (I) becomes 

JE(cos. 6 + sis. s. v'— I)- (8) 

4. CoroUary, Since two angles, which differ by two right 
angles, have the same tangent, there are two values of a less 
than four right angles, which satisfj (6) ; and of these two 
ralaes, that one ia to be selected which agrees, in the signs 
of its sine and cosine, with (6) and (7). Any angle, which 
differs from the value of 6 thus found bj four right angles, or 
bjr any multiple of fonr right angles, may also he taken as a 
vdue of i. Thus, if 6^ is this least positive value of i, the 
general value of d ia 

8 = a, ±2»„, (9) 

in which » is any integer, and n is the ratio of the circumfer- 
ence to the diameter. 

6. Corollary. When the imaginary part of (1) vanishes, we 
have 

jB = 0, Bin. 6~fi; (10) 

wthat a„ = 0, a = ±2nji, C08.fl = 1; (11) 

« a„=^, a = rt(2B+l)^, coB.a = — 1. (12) 
^d (II) corresponds to the case of a real positive 
^ntitp, (12) to that of a real negative quantity. 

6- Corollary. When the real term of (1) vanishes, 
we have 

-4 = 0, cOfl.a = 0, fl„ = i7t or =:|„, (13) 

wheoce 

a = dti"±2»™ = ±(2n±J)7., 8in.a=dbl. (14) 
1* 
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6 IH&aiHABI QUUfTITlKS. [b. III. OB. I. 

Equal ima^iauj quiDtitJea. 

7. Theorem. When Ihe quantity represented by{l) 
vanishes, the real and the imaginary part, and the 
modulus, are each equal to zero, while the argument H 
indeterminate. 



(15) 
(16) 

that is, a real quantity equal to an imagiuar; one, which ia 
impossible, and (16) caDnot be satisiied, unless we hare 

AncO, B = Oi (17) 

whence, by (4), R = 0, (18) 

and, by (5), i is indeterminate. 

8. Theorem. Whe7t two imaginary quantities are 
equal, their real and imaginary parts are separately 
equal, and they have the same modulus and argument. 

Proof. For the equation 

A-^B'^—l = A-\-B'»/~l, (19) 

gives, by transposition, 

A — A' + {B—B')s/'~l = Q. (20) 

Hence, by the preceding thewem, 

A~~A'=0, B — B' = 0; 
or, A = A'. B = B-, (81) 

whence, by (4 and S), 

B « Jt, i =1 *'. (82) 
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^ 11.] HODULnS AMD ABfiOMBMT. 7 

Conjugate qunnlitiei. ImBgioary product. 

9. Two imaginary quantities are conjugate to each 
other, when they have the same moduUis, and when 
theii arguments only differ in being of contrary signs. 

Thus the conjugate of (8) is 

R [cos. (- 6) + siD. {-() . v'- 1] ; {23) 

or, bj trigonometry, 

je (cos. i — sin. a . ,/ — 1). (24) 

10. Corollary. Two imaginary quantities, which are 
conjugate to each other, differ only in the sign which 
precedes the imaginary part. 

Tbus^ -l-Bv'— 1 and A — Ba,/— 1 are, bj (8 and 
34), conjugate to each other. 

11.' Theorem. The modulus of the product of aev- 
eral imaginary quantities is equal to the product of the 
moduli of the factors, and the argument of the product 
M equal to the sum of the arguments of the factors. 

Proof, a. When there are two factors 
R (cob. 6 + sin. a- v'— 1) and -K'(«>»- a'+wn.fl'.v'— l)i (25) 
the product is 

R R' [cos. a COS. fl' — sin. & sin. 6-] 
+ (sin. a COB. a' + sin. fl' cos. fl) V — 1. (26) 

which, bj (26 and 33 of Trig.), becomes 

R R' [cos. (« + *) + sin. (« + fl') . s/- 1] J (27) 
■0 that its modulus is the product of the two modali, snd ita 
ttgnment is the sum of the two arguments. 
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8 lUAQlHUtT ^DAMTITies. [b. III. OH. !• 

Imsginarj power. 

b. A third factor might be multiplied by (37) id the same 
way, that is, by multiplying ita modulus by the new modulus, 
and addiog to its argument the new argument ; and this pro- 
cess might be extended to any number of factors. 

13. Corollary. If the factors are al! equal, the pro- 
duct becomes a power ; whence the modulus of a posi- 
tive integral power of an imaginary quantity is the 
same power of its modulus, and the argument of the 
power is the product of its argum,ent by the exponent of 
the power. 

Thus 

[ii(cos.fl-|-sin.aV-l}]"= K-(cos.f,s-|-rin.nflV-l). (28) 

13. Corollary. When fi = 1, (29) 
(28) becomes 

(ci». 6 + sin.^ V— 1)" = («"■ 1 a + sin. r a. V— !)■ (30) 

Reverajng the aign of a 
{COB.S — siu.fl.V — l)* = (cos. nfl — sin, dfl.v' — 1). (3') 

14. Corollary. Half the sum of (30 and 31) is 

co3.(ifl=3(cos.a-|-sm.fl V— 1 Y + J(«o^ fl — sin.a. V— I)"- (32) 
Half the difference of (30 and 31), is 

sin. nfl.v'—- 1 = J(cos.*. +Bin. 8. %/— 0" 

— 5 (cos, a —Bin. a. V — 1)" (33) 



l;, GOO^k 



^ 18.] MODULUS AND AKtlOaiNT. 

Product of two conjugate filctora. ImagiDBr]' quotient. 
15. Corollary. B; deTelopment, (32) becomes 



»(«-i)(«-a)(>*-3)_ 



SBin.'S— &,c. (34) 



B; developiog and dWidiDg bj \/ — 1, (33) becomes 
sin. n A z= n cos."— ^ t bId. d 



(35) 



16. Corollary. The reverse of ^ 12 is, that the 
modulus of a positive integral root of an imaginary 
quantity is the same root of Its moduhis, and the argu- 
ment of the root is the quotient of its argument divided 
by the exponent of the root ; that is, since roots are 
fractional powers, tke rule of^l2 extends to the case of 
positive fractional powers. 

17. Corollary. The product of two conjugate factors 
is equal to the square of the modulus. 

For, in this case, (23 and 27) give 

i.^6' -i — i = Q, RR' = R2. (36) 

18. Corollary. The reverse of ^ 11 is, that the mo- 
dttlus of a quotient is equal to the quotient of the modu- 
lus of the dividend divided by that of the divisor, and 
the argument of the quotient is equal to the argument 
of the dividend ditninished by that of the divisor. 
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IHAGINABT QUAMTITIBS. [b. III. OH. I. 

ImBginsry power. 



Thus 

■R'(co3. fl'+sin. i'. V'— 1) 

R (cos. fl -|-8itt. fl . a/ — 1) 



19. CoroUaiy. When 6' = 0, and R' = 
(37) becomes 



..)V-I]. (3») 



if (cos. 



T +^n.W-i) =R^'^-(-') + ''^-^-'W-'^' 



= fi-i{coa.fl— sin.flV— 1); (39) 
and raising to the nth power, by means of (30), 
[ii{co8.«+sin.fl.-/— l)]-"=iR-»[cos.(-n9)-|-sin.(-na)V— 1] 

=K--<co8.n«— Bin.nV— 1); (W) 
that is, the rule of^ IZ may be extended to the case of 
negative powers. 

20. Corollary. The rule o/" ^ 12 may, then, be ex- 
tended, by '^ 1, to all powers, real or imaginary. 

21. Problem, To find ike modulus and argument of 
the sum or difference of several imaginary q>iflniities. 

Solution. Let the giTen sam or difference be 

r(coa.a+sin.flV— I)±''(cOB.fl'+ain.a'.V— 1)± 'Smi-. (41) 

and let ii be its modulus, and 9 its argumeDt; ve hare by 

(4 and &) and by (9 and 29 of Trig.) 
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^23.] HOSDLnS AND ASaCHSKT. 11 

Imaginary aatn or diBereace. 

iP=(rco3.flzfcr'co8.fl'zfc&'C,)*-|-(rsin.a±r'ain.*'±&c.)» 

= r* + r'>' + &.C. ± Hrr'coa. (« — «') ± &c., (43) 

r Bin. fl ± r* bid. S' ± fcc. , ^„ . 

Un.e= , , _, ^^ ■ (43) 

32, Corollary. Since ererj cosine ia less than unit;, (42) 
girea - if" < r» + r'* + &.c. + 3 r r' + &.c, 

or Jja < (r + W + &.c.)a, 

or jR <; r + r* + &,c. ; (44) 

that is, the modulus of the sum or difference of several 
imaginary quantities is less than the sum of (heir 
moduli. 

23. Coronary. When there are only two terms in (41), 
(43) becomes 

B* = ra + f'a i 2 r f' COS. (a — 6') ; (45) 

«d, therefore, R' >■ r' -\~r" —2rr', 

or R >r — r'; (46) 

that is, the modulus of the sum or difference of two 
imaginary quantities is greater than the difference of 
their moduli. 
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Imaginary infinitaumal. 



CHAPTER II. 

IMAGINABT mriKITESHULB. 

24. An imaginary infinitesimal is an imaginary quan- 
tity, whose modulus is an infinitesinftil. 

The order of an imaginary infinitesimal is the same 
with that of its modulus. 

25. Corollary. It follows from Chapter II. of the 
Differentia! Calculus, and the preceding Chapter, that 
all the propositions, which have hitherto been investi- 
gated respecting real infinitesimals, may be extended to 
wnaginary infaiitesimals. 
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Roola of n binomial equation. 



CHAPTER III. 

IHJlOINABT SOOTS OF EQUATIONS. 

26. Problem. To solve a binomial equation, and re- 
duce all ils imaginary roots to ike form o/^ I. 

Solution. Let the equation be 

Ax*=M, (47) 

ID which A and Jf are real or imaginary, and a a poaitire 
integer. Whea (47) is divided by A by means of § 18, it is 
reduced to the form 

X* = w, (48) 

ia which nt ia of the form of ^ 1. Let thea 

t» = r (cos. fl + sin. 6. »/ — 1), * (49) 

or i'=r (cos. fl + sin. a. V^—l). (50) 

The ath root of (50) is, by ^ 16, 

x=^r. (COS. -i. + sin. -1.. V— 1). (51) 

27. Seholium. Since 6 has, by (9), an infinity of values, 
(51) would at first sight appear to have a like infinity of values. 
But, by (9), 



l;,GOOt^l>J 



14 IHAfllNART Q,TTANTIT1K8. [b. 111. CH. III. 

Numbec of tooU of > biDomial equation. 

whence the values of z are ideDtica], when they correspond to 
values of d, for which the difference of the values of n is equal 
to a, or is some multiple of a. Now, by subtracting from auf 
value of n the greatest multiple of a contained in it, a remaiu- 
der is obtained, which is less than a. The number of differ- 
ent values of x is, therefore, the same with the number of posi- 
tive integers (zero included) which are less than a ; that is, tht 
number of values ofx or the number of roofs of equation (48) 
is jusl equal to a. 



gives 



. Corollary. When m is real and positive, (U) 

I = V« I COS. Z^ ± sin. -^ . V — 1 J , (53) 

iQ which the double sign renders it unnecessary to no- 
tice those values of n which exceed the half of a. i 

29, Corollary. The value of n 

n=0, (54) 

reduces (53) to its real positive root 

X = ^m. (55) 

30, Corollary. When a is even in (53), the value of n 

«=:Jo. (M) 

gives = ^, (01) 

% = -l/m. (58) 

C3.ifKi:,C00^k 



^ S3.] ROOTS or EQC^TIOMS. IS 

Everjr equation hu ■ root. 

31. Corollary. When m is real and negatiro, (12) 
gives 

■ / 2n-l-l 2n-l-l V 

ia which the double sign renders it unnecessary to no- 
tice those vaUies of n which exceed the half of a. 

32. Corollary. When a is odd, the value of n 

"=^. m 

gives ■ — ™ =: JT, (81 J 

a: =1 — l/—m. (©) 

33. Theorem. Every equation has at least one real 
root or one imaginary root of the form (1). 

Proof. Let all the terms of the equation be transposed to 
ita first member, which reduces it to the form 

fx = Q. (63) 

Let now z^ be anj real or imaginary value of x, for which 
the value of thia first member neither vanishes, nor is infinite, 
and let h be an infinitesimal ; lei also d^.f.x^ be the first dif- 
ferential coefficient of y-z^ which does not vanish; and (533 
of Vol. I.) gives 

/fa+»)=/'.+ i.g,3'„„ <■/■'.■ m 

C3.ifKi:,C00^k 



16 IHAOm&RT QUANTITIES. [b. III. Cll. III. 

Equations which have finite roola. 

Again, let t be an assunaed real infinitesimal, and let A be 
dctenniaed to satisry the assumed binomial equation 

13X73; *■'■■'• =-■■-'■■'■'• f''^' 

This value of h, being substituted in (64), gives 

f.(x^ + k) =f.x, - if-,^ = {l-i)f.x, ; (66) 

so that if r is the modulus of /*„, that of /.(i^ + A) is, bj 
§ 11, (I— i)r, and therefore less than that of/.i^. The least 
possible modulus of /.I is then less than r, unless r is zero; 
this least modulus must then be zero, and the corresponding 
ralue of x is a root of the etjuation (63). 

34. Sckolium. The preceding argument does nol 
exclude infinity from being the root of the given equa- 
tion, so that the following is a convenient statement of 
the above theorem ; 

Every equation has at least one finite root of the form 
(1), when, after it is reduced to the form (63), it docs 
not vanish for an infinite value of Ike variable. 

35. Corollary. If the first member of (63) is a polyncBuiBl 
of (he form 

I- + a i"-i + 6 i»-a + &.C., (67) 

and if z' is a root of the equation, this polynomial must be 
divisible by x — i'; and the quotient must be a polynomial of 
the (n — I )st degree, which must be divisible by a similu 
factor X ■ — x" and so on. 
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^ 37.] ItOOTE or EQUATIOHS. 17 

The coDJugite of a ie>l function. 

Hence (67) must be the continue product of n dif- 
ferent factors of the form (x — x"); that ia, the equa- 
tion 

i« + ai:^» + iz*-« + to. = (68) 

mu3t have n roots of the form (1), whether a, ft, ^e. be 
real or imaginary. 

36. A real function is one, which has real values for 
all real values of the variable, and has not imaginary 
values, unless the variable is imaginary. 

37. Theorem. The conjugate of a real function is the 
same function of the conjugate of the variable ; or, 
algebraically, if 

P+Q^-i=f.(P + q^-i). (69) 

where /. denotes a real function, then 

P-Q»/—l^f.(p-qs/-l). <70) 

Proof. The functioa, which is the second member of (69), 
inaj be developed and arranged according to powers of \^ — 1. 
Lei, then, the aggregate of all the terms which are independ* 
CDt of 1^ — 1, and of those which are multiplied b; evea 
powers of t/ — I be denoted by P; while the aggregate of 
k11 those terms which are multiplied b; odd powers of \/ — ' 1, 
is denoted by Q'. The valae of P is real, and remains un- 
changed by changing ^ — >1 to — \^~1, while that of Q' 
is rerersed ; that ia, the ralne of the function is changed 

from P + Q' to P—Q', (71) 
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Every real equation has at least two roots. 

But the quotient of Q' divided by t^ — 1, containiog only 
even powers of \/ — •\, is a real quantity, which may be de- 
noted by Q, that is, 

Q'=QV-1. (72) 

P + Q' = P+QV-1; ' (73) 

so that by reversing the eign of s/ — 1, (69) ia changed to 
(70). 

38. Corollary. When Q = 0, (74) 
(69 and 70) become 

P=f.{pJrq»/~^=f.{p-q^/~^^ (75) 

that is, every real value of a real Ainction corresponds 
to two dillereiit values of the variable, wUich are con- 
jugate to each olher. 

39. Corollary. When -P = 0, (76) 
(75) becomes 

(hat is, when the function, which is the first member 
of (63), is real, (he cotijvgate of every imaginary root 
is also a root of the equation. 

40. Corollary, If z' is a root of the equation (C8), wbea 
O, (, &c. are real, nnd if %" is (be conjugate of x', x" is also 
a root of this equation, and the first member is divisible by 
the product 

(i — X') {x ~~ X") = ja „ (j/ _j. jvj J ^ J- j« (78) 
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Hunilxr of real factors of a real polf nomial. 

If r is ihe modulus of x' aod 6 its argumeDt, (8, 24, and 36) 
giTe 

t/ + x" = 2r COS. 6, X' X" = r' j (T9) 

whence (78) becomes ihe real factor 

*"— 2ricos.« + r»; (80) 

SO that any real polynomial of the form (67) is the am~ 
tinued product of as many real factors of the form x — a/ 
as the equation (68) has real roots, multiplied by the con- 
tinued product of half as many real quadratic factors 
of the form (80) as (68) has imaginary roots. 

41. Examples. 

I. Decompose z^ — h'^ iDto a continued product of real 
factors of the firEt aof] Eecond degree. 

Sobdion. The equation 

x" — 6^ =; 0, or x^ = ft', 

giies iu (43) m s= 6», a = 7 ; 

whence (53) becomes 

X = 6 (cos. ^ n « ± sin. ^ n « . V — 1) ; 

•rhich becomes, by putting auccessivety for n all integers less 

than half of 7, 

x=b, 

X = b (cos. f ™ ± sin. ? „ . V — i), 
X = i (cos. f n ± sin. ^ If . n/ — 1), 
X = 6 (cos. f ™ ± Bin. ^ ™ . V — 1) ; 
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Decompoattioi 



80 that, by (80), the continued product is 

(la —3.6 icos. f Jr + fis) (zs — 2 6a!Coa4" + i»). 

3. Decompose i* -)- ^* '"to a product of real factors of the 
first and second degree. 

Solution. The equation 

I* + 6* = 0, or X* = — 6*. 
gives in (48) 

m = — 6*. —m = b*; a = 4; 
whence (59) i>econies 

i = 6(«w.i(3« + l)^±8in.J(2«+l)«.V~l); 
which becomes, by putting successively for n all integers leas 
than 2, 

z=6(cos.i''ztsin.i".v/— 1) = 6(3V2±JV3V— »). 
a = 6(coB.i«i8iii.i™.^/— 1)=:6(— iV2=Fjv/2.v'— 1)1 
so that, by (SO), the continued product ia 
«:*+6* = (»;'— 26acos.i™+62).(aa— 26a:cos.Jn+6=) 
= {x!'—srii.bx-\-b'){x'+*/^.bz-^b'). 

3. Decompose x* — 6* into a continued [Hoduct of real 
factors of the first and second degree. 

An,. (.-i)(. + 6)(." + 6-). 

4. Decompose x^ -\- b^ into a continued product of real 
factors of the first and second degree. 

Am. (i+6)(j2_26acos.-i7t+6>)(i3— 26i;cos.f«+6»). 
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5. Decompose x' — 6* into a coDtiaued product of real 
factors of the first and second degree. 

Afts. (x — b){x-{-b)(z' + bx-\-b'')(x' — bx-{-b'). 

€. Decompose x'-\-b' into a coatinued product of real 
factors of the first and second degree. 

Alts. {x'-\-»/3.bx+b')(x' + k!)(x'> — »/3.bx-{-b'). 
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Imaginary powei. 



CHAPTER IV. 

IHAGINABT XXFONENTIAL AND LOOABITBHIC TCHCTION3. 

42. Problem. To reduce an imaginary power of a 
real quantity to the form (1). 

Solution. Let the exponent of the power be ^ -|- B \/— 1, 
and let R be the moduloa and 6 the argument of this power 
of the real quantity a, that is, let 

o*+-«^-> = JI (coa. 9 + ain. ©.V— 1). (81) 

The infinitesimal power t of this equation is by (38) 

aK^B^-i) = Ri (cob. t e + Bin. i e . V — 1). (83) 

Hence by (418 of Vol. I. and ^ 22 of Plane Trig.) 

l+.-{4+BV-l)log.fl^(l+ilog.i2){l + .-9V— 1) 
= l+.-(log.JJ + eV-l). (83) 

Hence, by ^ 8, and using 

e = the base of the Neperian logarithms, (84) 

log. B =: .d log. a = log. o^, R = a^, (85) 

B log. a = e = log. «», a*j= <»; (86) 

which, substituted in (81), giro 

,^Bv-i — a' (cos. B log. a + sin. B log. a . V— 1). (87) 
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Inagiaary lojariihm. 

43. Corollary. When 4 = 0, 
(87) becomes 

a*v^' = COS. J5 log. a + Bin. B log. a. is/— I. (88) 

44. Corollary. When « = e, 
(87 aad 88) become 

r»+«-'-i = <r*(CM.B + Mn.B.v'— 1). (80) 

e«v-i = coa. B + sin. B . V— I- (90) 

45. Corollary. Reversing the sign of B, (89 aad 90) be- 

e*-fl.y-i — ^(co9. B — Bin. B. v'— 1), (01) 

e-B^-i — coa. B. — sin. B.»/— 1. (98) 

46. ProbUfn. To reduce the logarithm of an imagi- 
nary quantity to the form (1). 

Solution. Let r be the modulna and & the argnment of the 
imag'mar; quantity, and (90) gives 

r(cos.fl + sin.9.V— l) = '-e*'^-'; (93) 

the logarithm of which is 

log, [r (cos. fl -(- sin. 6 . V— 1 )] = log. r -|- log. e« ^-i 

= log.r + flV-l- (94) 

47. Corottary. By (4, 5, and 94) 
log.(4+BV— l)=IogV(4»4--B*)+tan.[-i]^.V— 1 

= Jbg. (.43 4-Ba)+tan.[-'J^. V'— I; (96) 
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Number of ihe logaritboia of a numbel. 

aod as there is an inAnity of values of 

6 = tan.[-il ^, 

every quantity, real or imaginary, has an infinity of 
logarithms, of which there is never more than one red 
logarithm, and that, by ^ 5, only when the quantity it 
real and positive. 

48. Corollary. By § 5, when A is positive, and 

B = 0, 
(95) becomes 

log. A = log. .4 zt 2 B ™ V— 1, (96) 

in' which log. ^ of the secoDd memheT is the real value of iliu 
logarithm. 

49. Corollary. By ^ 5, when A ia negalire and 

B = 0, 
(95) becomes ; 

log.^ = Iog.(-^)±(3n + l)'^V— 1. (97} I 

50. Examples. ! -. 

1. What is the logarithm of ^ V 2 ( 1 + V— 1) ^ 

Am. (i±2B)™V— 1. 

2. What is the logarithm of a/3 + */ — 1 T 

Ani. lo^2 + (^±2«)"^/— 1. 
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IHAGINABT CIRCDLJLB rCNCTIONS. 

51. Problem. To reduce the sine and cosine of an 
imaginary angle to the form { I). 

Solution, a. Let the angle be Bv'—Ii which being mln 
■tilDled for B in (90 and 9i), gives 

e-^~cos. BV— l + sin-Bv'— 1 ■ V— 1> (98) 

(B —eoa.B»/'-~l — B\a.B*/—l.»/-~l. (90) 

One half of the sum of (98 and 99) is 

COS. By/— I = i (<« + e-»). (100) 

One half of the difference of (98 and 99), multiplied bj 

•m Bv'— l = i(>« — <-»)V — 1. (101) 

i. When the angle 19 ^ -|- B ^/ — 1 , ( 1 00 tnd 101 ) gin 

■iii.(il-|-Bv^— I ) = sin. ^ COS. B v'— 1 + COB. il sin. B V— 1 

= J.in..<(.«+rJ) + jco..yl(.»-«-«)^/— 1; (109) 

«B.(4-^-B^/— 1 )=cos. 4 COB. B V— I ~sin.^ sin.Bv/— 1 

= JcoB..a(<»-|-r-») — jBin.^(<»— e-'jv'— 1. (103) 

3 
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The imagiaBTy angle, whoae liae eiceede ddUj. 

62. Problem. To reduce the imaginaiy angle, tbe 
absohue value of whose sine is greater than unity, to 
the form (1). 

SobUinn. Let the given aioe of tbe angle be ± (l-f-fl], 
and let the required angle be A -\- B s/ — I ; it is eiident 
ftoiD tl02) tbat, when the aine of ihe angle ia teal, 

coi.X(i» — «-') = 0; (IM) 

thai ia, either a" — t"". {1»5) 

whence «"=!, 2B = 0, B = 0; (lOd) 

in which case the giren angle ia real, and the ahaolote rain* 

•f ita sine cannot exceed unity ; 

,,-1)t/„ co>.J = 0, ii = «_«, (iin) 

ain. A = ±\, (108) 

whence, bj (102 and 103), (IM) 

A^.iW ain.(^+Bv'— l) = »in-(!!5+»\'— ') 

'' =±j(.'+^') = ±(l+«), (11«) 

„ .iw ooe.(^ + BV— ■) = ooa.(ni; + B\/-l) 
= =Fj(<'-<-')'v'-> 

Theaumof (110), and (111) multiplied bjV— I, ia 

e»=l+o±V(2« + «"). ('"I 

whence 

B = log.[l+o±v'(2- + n')] 

= ±log.ll + « + '/(2« + «*)l. ('"I 
and the angle is 
„.1<lT ii»±log.[l + o+V(2<' + «")lV-l. ("'I 
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Imaginuy circular flinctioni. 

63. Examples. 

1. Redaee tang. {A-^B V— 1) to the form (I). 
g ain. 2 A (e»g— e-")V— 1 

S. Reduce tang. B»/-~l to the form (1). 



(115) 



Ans (''-0'/ -l ^ ('"'-1)^-1 ,„6j 



3. Reduce taog. I-^l B V— 1 to the form (1). 
Att3. When B u abgolutelj lees than unity, it is 

±»«+i[iog.(i4.B)-iog.(i~B)].v-i. (in) 

When B is positive and greater than 1, it is 
± (»+»)"+ J tlo8-(B+l)-l«g.(B-l )] V-1- (IIS) 

When B is negative and less than — 1, it is 
±('-H)"-l-4[log.-(l+B)-log.(l-B)]V-J.(l») 
When B = ±l, it is 

A±oo.\^—l. (120) 

64. Equations (100 and 101) have suggested a new form of 
notation of great practical value, and for which tables have 
been constructed, similar to the common trigonometric tables. 
It cooaista in representing — \/ — 1 . sin. B \/ — 1 and 
cos.Bv' — 1 by Sin. B and Cos. B, which only differ in 
their iaitial capital lettets from the common trigonometric no- 
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Potential AinctioQa. 

tation ; this notation may also be extended (o the other trigo- 
nometric functions. These new runctions are called potatli^ 
ftmctions. We tiave, then, 

Si..B = -^/-l.si■.i)^/-l = ''°^-' 

= J(.»-^»), (121) 

Co..B = «n.BV— • =K"' + <-'). (122) 

T..,B=|J=- = !=-^l... (123) 

56. CeroUary. The difierentialion of ( ISl ~ 123) gives 
i. Sin. B = J (^ + «-») = Co.. B, (124) 

i(,Co..B = J(e« — «-») = Si». B, (125) 

66. Examples. 

Demonstrate the following equations. 

1. Co8.a B — Sin.* B = h (127) 

aohaion. By (121 and 122) 

Cos.* B = i (<a.B 4- 2 -I- e-M) 

Sin.s B = i (e»» — 2 + «-3«) 
Hence Cos.* B — Sin.* B = 1. 

3. Sin.(B±B'] = Sin.BCoB.B'±CoB.BSin.B' (133) 
8. CoB.{BztB') = Cos.BCos.B'±Sin.BSin.B' (129) 

4. Sin.(B+B') + Sin.(B— B') = 2Sin.BCoB.B' (130) 
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Paten till funclioD*. 

5. Siii.(B+B')— Sin.(B— B') = «Coe.BSio^ (131) 

6. C<».(B+S')+Co6.(B— B') = 2Co8.BCo8.B' (133) 

7. CoB.(B+B')— CoB.(B— B')=2Sin.BSm.B' (133) 

Sin. B + Sin. B' _ Tang. jjE + B') 

SiD.B— Sin. B'~ Tang. J (B — B') ^ ' 

10. Sm.2B = 2Sia. i5Cos.B (136) 

11. Coi>.3B = C(».»B + Siii.'B (187) 

= l+2Sm.'S 
= 2 Co8.s B — 1 

12. Siii.}B = »/U(Ci>>.SB — 1)] (138) 

13. Co».JB = ^H(Co..2S+l)] (139) 

". T..,jB=v(L=;M^) (.«.) 

1S.T„..(B±B,= ^^^- (Ul) 

". rf..Sm.M.= (l+.>)-* = ^7jji-j^, (143) 

Solulion. Lot * = Sin. B, or B = Sin.l-i] x 
Then by (124 and 127) 
i,»i = Cos.B = V(l+Sin.»B) = \/(l + «>) 
3* 
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Folanlial IbnctioDB. 

■Id b; (Td. I. U6) 

^..B 1 



18. d..Co..I-')x=(..-l)-l = -^-^j- (1«1 

19. i(„T.iig.l-"l»=j-^. (I«) 
80. Si... = . + ^ + j^5^ + d.c.(.«l 
21. Co... = 1 + ~ + J7^^ + «»■ (»') 
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Stero'B metbod of loiTiiig nunarical cquatioiu. 



CHAPTER TI. 

BZAL ROOTS 09 NUHEBICIL B^nATtONB. 

67. While the imaginary roots of equations are of 
great subsidiary value in mathematical investigations, 
and frequently admit of curious and inleresiing inter- 
pretations in physical inquiries, teal roots are the prima- 
Ty objects of attention, and methods of determining 
their numerical values are exceedingly important in 
{Hactice. Stem's method is the simplest which has yet 
been published, and is of (dmost universal appIicatioD. 

68. If the values of a given function and of its suc- 
cessive differential coefficients, as far as the nth, are 
found for a given value a of the variable ,- and if the 
successive signs of these values are placed after each 
other, the row of signs thus fofmed is, in this chapter, 
called the nth row of signs (a), or simply the nth row 
(a), or the row {a) ; any pair of successive signs in this 
row is called a permanence, when the signs are alike, 
and a variation, when the signs are unlike. 

69. Theorem. If a function and its differential co- 
efficients inferior to the nth all vanish, but the nth does 
not vanish, for a value a of the variable, the nth row 
of sigDB ((»4-*)i * being an infinitesimal, conatsts 
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Bigni of TMDiihing functioDi. 



wholly of permanences, while the nth row (a — •) con- 
sists wholly of vatialionB. 

Proof. It follows from (Vol. I. 533), that if /. z is ibe gi>- 
ea fuactian*t 

the differential coefficients of which, taken relatively to i, an 
■'.■/.(« + ■■) = 1-72737.. (,_!)■ ■ 

&.C. &c. &c. (149) 

that is, all the terms of the series 

/■(•>+'■). •<../■ (<■+•). i;. /.(«+(), &C. (150) 

hare the same sign. 
But the reversing of the sign of t in these equations giTot 



4./(.-0 = - 



"/(--') 



.?./. (a— i) = — t! '-i^M !-),i^(151) 

that IB, the signs of any tvo successive terms in (he series 

/(«-•■). J. /.(a-.), */.(o-i),&o. (163) 
are onlike, and the terms are aliernately poaitire and negatira 

60. Corollary. If, in a series of the successive dif- 
ferential coefficients of a functioo tBnni&ating with the 
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Number or r««l rooti between fi««ii limiu. 

nth, all vanish except the nih for a value a of the vari- 
able, the ligns of this series will io ihe row of signs 
(a -|- i) constitute a series of permanences, and in the 
rov (a — > i), a series of variations. 

•* 
61. Theorem. If the jirat member of the equation 
/.x = (163) 

is coniinutnts between Ike values a and b of the variable, 
a being greater than b, if the uumber of permanences 
in the nth row of signs (a) exceeds the number of per- 
manences in the nth row [b), and if the excess is denot- 
ed by V, the number of real roots of (163), which ar» 
included between a and ft, cannot exceed v. 

Proof For while the ralue of x varies from a to &, a 
change of siga can occur in the row of signs, only when f. x, 
or one of its difierential coeflicienia, or a series of ihem, pin- 
es throiigb zero. Now, the esse of a single function being 
included in that of a seriea, when a Beriea of these functions 
Tinishes, a number of permanencea mual, by ^^ 59 and 60, 
be lost, equal to the number of functions. If, then, this series 
begins with / x, as it must when the variable is equal to a 
toot of the equation, one permanence, at least, must be lost; 
that is, there is a loss of one or more permanences tn the roto 
of ligns, corresponding to every real root of the equation. 

If the vanishiijg series does not begin with f z, and con- 
BistB of an even number of functions, the sign of its first func- 
tion is, by (148- 152], the same with that of the function 
which follows the series, both before and after vanishing. The 
relation of the first sign of the series to the sign which pre- 
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Number of real Tooti of mn eqnatioD. 

cedes the series is, therefore, nnchinged; and ihe loss of per- 
ttaneneet » ezaetly equal to tie even number of terms of Iki 
voKuhitig series. 

If the vHnishing series consists of an odd number of func- 
tioDs, the sign of its first function is reversed when it vanishea. 
If, therefore, it his, before it vanishes, the same sign with the 
preceding function, anotlier'permanence is here lost, which is 
to be added to those before noticed. But if it has, before it 
vanishes, the opposite sign to the preceding function, a new 
permanence is introduced, when it vanishes, which is to bs 
subtracted from the number of the others. In one ease, tkert- 
fore, the whole number of lost permanences is one greater 
thtm the odd number of terms tn the vanishing series ; and, 
tn the other case, it is one less than this number. 

In any case, the number of lost permanences is, at least, U 
great as the number of real roots of the equation. 

62. Corollary. When the loss of permanences doea 
not arise from a real root of the equation, the number 
of lost permanences is even ; so that if the number of 
lost permanences is odd, that is, ifv is odd, the equation 
must have at least one real root between a and b, 

63. Problem. To find all the real roots of an equa- 
tion. 

Solution, Reduce the equation to the form (153), 
simplify it as much as possible; and determine, , as 
nearly as possible by inspection, those limits betaeen 
which the different real roots must be, if there are any. 

Find the successive differential coeffcients of thefirsi 
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member, until one ia obtained which does not vanish be- 
tween two limits a and b, between which there miiy be 
real roots. Let this be the nth diferential coefficient. 

If, then, a being greats than b, the nvmber of per- 
manences in the nth row of signs (a) is Ike same with 
thai in the row {b], there is no real root between a and 
b. 1/ the difference between the number of permanen- 
ces is even, the question of a real root between a and b 
is undecided ; and if this difference is odd, there must 
be such a root. 

Let, then, the mth differential coefficient be the high- 
est one, of which the sign is different in the row (a) and 
m the row (i). The equation 

d,.- + '/.x = 0, (154) 

eon then have no real root between a and b, while the 
equation 

d,.~f.x = 0, (156) 

must have one, which can be found by the process given 
in the sequel of Otist solution. If c ia the rout of (165), 
it may also be a root of (163), which can be discovered 
by trial. 

However this may be, the preceding process is to be 
repeated for the limits a and c ■+■ i, i being an infiniles- 
imal, and also for the limits C+t, and b, using the 
mth row of signs instead of the nth. A cotilinuation 
of the process must finally lead to a division of the linv- 
its from aio b, i-nto sets of limits so narrow, that, be- 
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Stern's melhod of fipdipg numeriol looto. 

tween each set there can otiltf be one real root of (163) 
and no real root of the equation 

d,f.x = 0. (156) 

Let a' and 1/ be a set of these limits, and if they are 
far apart, substitute for x, in the first member o/(153), 
different numbers, the various integers fur instance, 
between a' and b', until one is found which does not dif- 
fer much from the required root, and denote this first 
approximation to the root bij x^. Then, if the exact 
root is XD-\-h, we have by (Vol. 1. 532) 

/.(^„+A)=/.7„ + Arf,./.{r„ + aA)=0, (157) 

whence, by neglecting eh, the approximate value of h 
is obtained, which is 

and from the new approximation to the root i^-\-h, 
which is thus found, a new approximation can be ob- 
tained; and so on, to any required degree of accuracy. 



64. Corollary, The rale of approximation can be readilf 
determined ; for if two successive values of A aie h and k 
corresponding to 7g and Xg, so that 

^ = i„ + A (159) 

the error of n^ difTere from A by n quantity much smaller than 
A ; and that of x'^ U nearly equal to A'. Now suppose 

*<{iV)' (!<») I 
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Rata of ■ppfOlimalion. 
nd we baTe by (158) aad b; Tajloi'i theorem 
/..;=/K+A)=/j.+J,/..,*+l<P,/.x,'.J«+*'=- (1»1) 
rf,/..; =<(,./.<,+ &«. , (MS) 

bat by (168) 

/.^ + J../....» = (IdS) 

/..; = ld:./.^. »■+&.. . (164) 

whence neglecting A^, &e. 

If now we find 

we have, neglecting the signBi 

»'<(A)"+» (1«J) 

and therefore if one approximation is aecuraie to a places 
of decimals, the next will (le accurate tois -{- k places. 

65. CoroBary, Since the real root U exactlj 

^ = >. + »: 

we hare Xg = z — A, (106) 

whence by (153 and Vol. I. 533) 

/..,=/(«-») =/:.-*.rf,/.(.-l») 

= -*<i../.(i — •»), (169) 

OT neglecting i h 

/. I, = — S J../. I = (I, — •) <(../. .. (170) 
In the same way for another hypothesis Zg, we have 

/.i; =— »'<i,./.i = (x;— i)i,./.». (171) 
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Rule of false or double pOM^OB. 
' The difference of (170) and (171) is 

/.x„-/..; = K-«;)rf../., (ITS) 

Bn4 the quotient or.(171} bj (172), is 

7^.1 = ^* <"" 

which is identical with the famous nth of false, or 
rule of double position, in ariihoietic; and this admir- 
able rule, the principle of which is obviously at the 
foundation of all higher mathemalics, and pervades all 
practical science in some form or other, is sufficient for 
obtaining, with ease and accuracy, the most impoitant 
numerical results. 

6G. Examples. 
1 . Sohe the equation 

I log.' I— 100 = 
in which log.' denotes the common lahular iogiritliniB. 
Solutitm. The theory of logarithms gives 
log.' X =: log.' e . log. *. 
Henco if f.x =x log.' x — 100 

d,.f.x = log.'i + log.'e 

The value of d^.f. x is {jositive between the limits 

i 1= 0, and I = CD 
and d^.f. x is negative between the limits 

X ^ 0, and * = f' 

=. -v. -"/!., v'/.„ 

•y ; . . 

/ l',. ' f I i [; :„i ,K i:, GoO^k 
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Solution of Dumericd equationi. 

fD^A. 4-0 

at both which Yini'tlaf.x is negative, and the giren equation 
hat therefore oo real roots between these limits. But d,.f.* 
is poeitive between the Hmita i = «— ' and 2 := 0, at which C--. 
limits^, z has opposite signs, and the gireo equatioa haa, 
therefore, only one real root, which is between these limits. 

A Terj few trials show, then, that the root is not far fiom 
60, for which value 

f.x=7, d3./.z=i-78-f-0-43 = S-SI 
d»../.»= -0072, i = 2 
and the rest of the calculation may be arranged aa in the fol- 
bwing form, in the first column of which are placed the ino- 
cessive values of /.x, in the second those of «/,.y,x, and in 
the third those of x. 

I 1^ 

7. 8-31 67 

(H)84860 I 3 19017 56-9612 

Am. 56^13. 

3. Solve the equation 

X — COS. x = 0. Ans. 0-7391. 

3. Solve the equation 

z — tang, z ^ 0. 

Am, There are an infinity of roots, one being contained 
between each set of limits 

n^ and (n + 4)« 
in which any integer may be substituted for n, the ?«lue be- 
tween rr and j n is 4-1934. 
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BOOK IV. 



RESIDUAL CALCULOS. 



CHAPTER I. 



I. Fob every fiotte value of z, which satisfies the equttkn 

/•. = «, Ihu ". jIj- = (/■')-' = 0, (IH) 

tbe first term of Taylor's theorem (Yd. 1. 443) is infiaite, and 
the developmeDt of y. (x -|- A) by tliat theorem ia impossible. 
Id this case, if i is an infinitesimal, f. (z -\- 1) is infinite ; 
and if we suppose it to be of the mth order of iufinily, the 
upresmn 

.•-/■(• + (i'«) 

isofthe order zero, and is usually finite, aa in ^ 26 of the 
I^iSerential Calculua. The quantity 

A-/.(r + ft) (176) 

Dtii; (hen be developed, by MacLaurin's Theorem (415, Vol. I.), 
" 1 fuDciion of h, and the result will be of the .orro 
A"/- (i+ A) = A + Bh + &.c 
+ QA'»-3-t-m— > + «*-+- rA-H-i+A^ (177) 
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Rfliiduol. 



wbicti, divided b; t", gives 

/.(z + i) = JA— + Bft-(--i)-f &o. 

+ QA-^ + KA-i-|-S+ r» + &o. (178) 
that is, /.(ar+A) con, even for a value of x which 
satisfies (174), be developed in a series consisting oj 
two parts, one of which 

S -\- T h -\- &,c. (179) 

15, like Taylor's Theorem, arranged according to poai- 
live and ascending powers of k, and the other part 

BA-1+ QA-^ + A-c. +£A-(— ')+^A— (180) 
is arranged according to negative and descending poo- 
ers of h. 

2. The coefficient of h-'^, in the development of 
f. {x-^h") by ihe preceding method, is called the re- 
sidual of /. X, and vanishes for all values of x, except 
those which satisfy (174). 

To residuate is to find the residual. 

3. Problem. To residuate a given Junction. 
Solution. Let f. denote the giveo function, and let x^ be 

the value of i which satisfies (174). Since R, which ia the 
residusl of this function by ( ISO), is the coefficient o( A-^> in 
(177) the development of A-Z-C^o + '') ^J MacLaurin's The- 
orem ; we have bj (445 of Vol. 1.), if we regard A as the vari- 
able, 

"- i.2.3....(»-i y <'"' 
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Method or residua ting. 
proTided that after ibe diSereatiation we put 

h = 0. 
Tbia vanishing or h ma; be effected in the general form, bj 
subalititting for i the iniinilesiinal i, wbJch gives 

1.3.3. ..(«—!) ^ ' 

4. Examples. 
1. To residuate the func^n (a — a)— •(« — b)-^. 

Solution. This function becomes infinUe of the first order, 
when 

x = a-\-ii 
and icfiaite of the second order, when 
x = b + i. 
The residual which corresponds to x=; a, is, then, " 

i(0-'(«-» + ')-' = (»-»)-"; 

and that whicb correspcmds to x = b, ia 
i.,..-» (6-0+ .)-' i-'= rf..,. (6_» + ,)-> = _(S_„+ ,)-« 
= -('—)-■• 

3. To residuate 



The residual for i= o, is (a—b)-^ (<,— e)-3, 
that for x~b, ia (6— a)-' (6— c)-3, 

. (gc-fl-6)»-(^)(<-6) 
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ReriduatioD. 
3. To Tesidaate cosec. x. 
Solution. We hare 

cosec. X = 00 , 
whenever z ^ n „, 

n being &a integer, and the residual of cosec. x is 





•"""■^"■^■^'^-.m-O 


•"+'■)" 


-co».(« ».+.■) 


4. 


To Ksidaate taog. x. 




Ant. ± 1. 


5. 


To reaiduate Cosec. x. 




,4m. 1. 


6. 


To residuste (Coseo. x)". 




A„,. 0. 


7. 


To residuate x-" cosec. x. 








.diu. When 


X=:0, 


Hi. t; 




when 


x = nn 


„UU±(»^)-. 



8. To reaiduate z~' cosec. «. 

jifw. When X = 0, it is ; 

when z ^ R n, it is ± (nw)"^' 

X — 
satisfies the equation 
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Metbod of rsiiduating. 
Stbttion. Let f. (Xg •!-■) ^ iufinile of the mth order, and 
IM f.« =/.!.(• — I.)-, {18J) 

ID that f. (Zg -^ t) maj be of the zero order, and the required 
residaalis, by (18-2), 

dS^.f. (.„ + ■). (.-..-■)- 
1.2.3.... (»— I) 

_ 'fr'-f(-. +»)[ ('-'.)-'+('-'.r'+(«— ,) -•■'+ fe ci 
1 . 2 . b .... (»-l) 

/ ^ f. ( ., + ■•) 



(185) 



But it 19 evident, from MacLauriii'a Theorem, that 

l.-2.3...(m_l) 
i( the coefficient of i*"' ia the development of 

f.(z. +i)-t-- (186) 

M, dividing by i", that ( 195) is the coefficient of t"~"' in tha 
deielopnaent or (. (z, -|-t}. Hence, by this theorem, 

<r'.t(.„+.)i - _ ,i:i ~'.r.iT, + i) __<— ' f . («,)_,,„, 

1.2.3. ..(M-i)- 1.2.3.. ..(»—»— l)~l.f.irr(».-n-lf' 
■rbich, Bubatiluted in (184), gires, for the required residual, 

— ,+ fe<> 

, 'V'', 1 I ''■.f'. I «•■'. ,,881 



1.2.3... (»-l)-.-z.^ 1.2.3... (»>-2)-(i-z.)i 

f.>„ 1 rf, f.«, 

.2 •fz_z,)-^+(._..). 
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iDlegral residual. 

The value of f. Zg is found by the equation (183), which bj 
(621 of Vol. I.) gives 



**? (*— *o)" 



10. To retuduate the preceding example, when 



(189) 



Am. When z= a, the residual \i 



■»+«A _1_ 



{a-bf 

when 2=6, It IB— yr -— . r + -r^ — .-, rr? 

' (6— aj2 x—b ' b—a (i— 6)> 



11. To lesiduate example 9, when 
f.z^ cosec. %, 



6. The integral residual o( a function betwepu cer- 
tain limits is the sum of all its resiiliinis coiitaim-d be- 
tween those limits ; and the total residual is the sum of 

all its residuals. | 

To reaiiiuate from one value of a variable to anotktt ' 
is to find the iniegmi residual between these vnliies of 
the variable ; and to residuate totally is to find the total 
residual. 

a. The total residual is indicated by the sign £, and tin 
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Noutioii, 

iBtagial re«dul is denoted by the Bams HgB witk IsUen Mi- 
nezed to it, to absir Um liimU of Uw imidiUtioD ; that 

I- if-') (190) 

is the total residual o(f,x; wbile 

is tbe integral residual of /. x from tbe limit 



h. Tbe residuation is often limited to those ralnes of the 
rariable, which render one of the terma or factors of tbe given 
fanctiOTi infinite, as in Example 9 of the preceding section ; 
and tbUi is- indicated by placing, in double parentheses, the 
factor which is thus regarded esclusivelf of tbe other factors. 

Tho. £.((/■'))■(/'•») (1«!) 

indicates tbe residual of (/. x) {/'. x) with regard to those 
Tdues of X, which render /. % infinite. Is this way 

£•((/•>)) (193) 

should be used instead of (190) to denote tbe total residual of 
/. I. In the same way 

denotes the simple residual of 

for the value of z, x = x.. 
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NolatioD. 

6. Tbe Tkriable in (101) may be itaelf a function of other 
TBriibles, as y, x, &,c. ; and tbe reaidnalion aaj be tau^t 
between the limiting values of y 

y = Jo and y = y„ 
and tboee of x 

r ^ Zg and % = s,, Ace. 
and this may be expressed b; tbe form 

tj=j;;:.'= J;; £■«/■•))• m 

or more Bimply 

it being conventional in what order tbe limits are placed. 

7. CoToUary. The preceding notation gives at once, if 
I value of z between i^ and x,, 

8. Scholium. If z' is a toM of tbe equaUon 

/.*=«; (188) 

the valne of tbe corresponding residual sbonld be equally di- 
vided between the two terms of the second members of (197]i 
Ibat is, when one>f the limits of (191) is a root of (199), one 
half of the corresponding residual should be included in tbe 
expression (191). 

9. CoroUary. If, in (19G), there are onlj two variables y 
and X, and if y is taken to denote the real term of x reduced 
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Randual of differsntial. 

to the form (1), and z ihe real factor of the imBginary tmn, 
(196) will denote the integral residual for all values of x, 
vrbose real terms are included between y^ and jr,, and ibo 
real factors of whose imagiaar; terms aie included between 
x^ and s,. 

10. Corollary. It is evident from (182) and {. 5, 
that the residual is a linear function ; and found, as it 
is, by difierenttation, it must by ^ 52 of B. II. be Jre» 
relatively to any other Unear function, such as differ- 
ence, differential, &c. 

Thus, if the residuatioa is taken relatively to x, we 
have 

£.((*-./.(z,»))) = «*".£((/■(*.*))). (19») 
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DeTelopment of ■ fiiDction, wfaioh hu infinite vnlaes. 



CHAPTER II. 



DETELOPHENT OV rUNCTIONS, WHICH UATX INriHlTE 
TALDXS. 

11. Problem. To develop a function which has in- 
finitg values corresponding to finite values of its vari- 
able, in a form which may be used for all values of iii 
variable. 

Solutimt. Letf.x be the given fnnclion, and let z^ be > 
valofl for which it beeomea infinite, bo that, if j is an in&oi- 
teaima], f'{x^ +i) is infinite of the mtb OTder, Then if n 

put f.x=/.z.(z — »,)-; (200) 

we have f. z. finite, and (200) can be develc^d according to 
powers of z — z,. We have, bj Taylor's Theorem, 

f.x= f...+d. f. ...(.^.) + SIC .. + jU^jij-j (,^,)-' 



'^ lS.Z...m^ -" ^1.2.3...(»i+l) 
wbenee, by (200), 

t„)— ■"'"■■■■ "'"l.3.3...(ii.-l)'i— I, 
Now the u[^r line of the second member of (SOS) conaisuo' 
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FunctioD, wbiab ii ■lw*)'i fioile, wben the ruiible ii to. 

tenns divided by different poweni x — x^, all of whieh an 
finite, unless 

X = i„, (308) 

in which case tbej are infinite ; while the lower line is t func- 
tion of X, which, is finite in this case. We will denote the 
upper line by X^ and the lowei line by Y^ ; and X, if, by 
(188), the residual of 

whet) x = x^. (SOS) 

If, then, we denote by Z^ all the other residuals of (204), 

when /. z is infinite ; we have, for the total residual of (204), 

£.!i^ = x, + z,. («») 

l!ulby(aK) /.. = X,+ r.! (SOT) 

■Id therefore /.i — f,.*-liil* = r,— Z, (MW) 

Now FJ, aod Z^ aroi both well fonctions of x that Ihef are 
fioite nheo 

• = >.! (iW») 

that is, the first member of (i!08) is a function of x, which k 
finite for every finite value of x, such as (200), for which y^z 
a infinite, and if we denote this function by a.x, we have 

f-'-t^-^ -'■■'■ ("«) 

Hence the second term of (210) is finite for all finite values oi 
X for which /. x ia finite ; and, the[efi>ce, v t mutt be JiHiU 
fir aery JiitiU value of x. 

I 6* 
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DeTalopmsnt of ■ fanclioD, which hai iafinile valuM. 
HcDM in tlie equation 

the first term of the second member consists, as in (188), of i 
combinalion of terms arranged according to the negative pow> 
ers of c — Xg, x — x,, &c., while er.x is always finite, and 
can usnallf be deTel<^>ed according to powers of x bjr Taylai'i 
Thewem, or by some other simple process. 

13, Corollary. When the modulaa of x is infinite, the fint 
t«rm of the second member of (311) vanishes, and (211) be- 
comes 

/.(»= B.CD. (212) 

13. Corollary. When the first member of (212) is finite for 
all values of the argument of z, 0.x is always finite. But it 
hu been shown, in <J 3^of B. III., that the equation 

— = 0, or B.i=:cD, (313) 

W.X ' ^ ' 

il dways possible, unless er.z is constant, that is, independent 
of t; and, therefore, if we put 

f,m=F; (S14) 

we tuive 

v.z = P, (815) 

and in Ibis case 

f.^^l.i^l + F. (216) 
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DevolopmaDl of a rational (raclion. 

14. Corollary. When f.xisA rational fraction, nr.z u 
alao a similar rational fraction, becatue the aecoDd term of 
(SIO) cwsists of the sum of such fractions. But t?. x cannot 
have an entire polynomial for its denominator, because such K 
denominator would vanish for tinile values of z, and m.x would 
become infinite. Its denominator must then be constant; that 
is, sr. X must be an integral polynomial. 

15. Corollary. If, in the preceding corollary, the degree of 
the numerator of/, x is greater than that of its denominator, 
this fuQClion is infinile when its variable is infinile ; but if the 
degree of the numerator is equal to that of the denominator, 
/, I is finite when iis Tariable is infinite ; but if the degree of 
tbe numerator is less than that of the denominator, /. z Tan- 
iabes when its rariable is infinite. For if the function ia 

■' • a'x" -f6V^'-|- &.C. *■ ' 

we bare /. a: = 4?—^ = 4 (<» )-* (218) 

tt'(oo )"' a" ^ ' ^ ' 

vbich ia infinite, when n > n', 

finite and = -^ = F, when n = n', (319) 

zero, when n <; n'. 

The polynomial a. % is, therefore, reduced to a constant in 
the second case, and to zero in the third case. 

16. Corollary. The easiest way of finding ff . % in the case 
of ^ 14, is to reduce the given fraction by division to a mixed 
expression, consisting of an integral polynomial, and a fraction 
in which the degree of the numerator is lesa than that of tbe 
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DsvslopmeDI of coieooDt. 

denominator. For this last fraction can, by the precedinj 
corollary, furnish no part of the polynomial tr. x, which moit, 
therefore, be the same with the polynomial thus obtained by 
diviaioa. 



17. EsAKPLES. 

1. Develop (sin. x)—^ by the preceding principles. 

SqIuUoh. The general expression for the root of the eqni- 
tioD 

(sin.r)-i = «,. (220) 

is a: = ± n ", {221) 

in which n is any inieger at pleasure; and the correapondiif 
value of the residual of 



is, by Ex. 9, ^ 4, if we put 
i.z 



i.X cos,x 



(») 
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DevelopmeDl of lecanti. 

2, DeTel(q> sec. x by the preceding pi inciples. 

An,. Bec.,= 4„(-^,-^- + ^^_l^_&c) 

(224) 

3. Derelop (e* + e--)-' z= J Sec. x. 

Sohdian. Let x = y + z>/-~l, (235) 
iDd ire have, b; (89), 

e» =ie»(co8.x + V— iBio.*), (226) 

r-*= «-*(«». z — V — 1 - Bin. a). (227) 

Hence the equation «" + e-« = 0, (228) 

ioTdres the two (e» + «-») cos. s = 0, (229) 

(<» — «-») sin. z — 0. (230) 

Hence, coa.z^O, ^=e-», or ^•'=1, y = 0; (231) 

s;=±(» + J)«, (332) 

ud the root of (228) is 

«<,= ±(« + J)«V-l. (233) 
I( now, we take 

1 1 



we hafe, by (90 and 92), 

Uid the Gorre^ioDding resiclual of 



(334) 



(236) 
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Develapment of & rational fraciion. 



= Sv'-r>=F(«+i)»V— 1~ «!V-i±{2"+iK 

(2»7) 
we have, then, 

4. Develop (e- — «-*)-» — } Coaec, i. 

(x _ 1)» (x + 2) = i» — 3 1 + 2, (240) 

we hare, by ditisioo, 

Now b; Ex. 9 of $ 4 

^9(1 — 1) 9(« + 2)' *"^' 

cjiiiKcCoO^k 
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Development of rations) fracliona. 
whence, hj (316), 






&c. are »I1 unequal, ind the values of z, which render f. x 
iofiuite, are to be neglected 
Solution, We have at once 

Iii r ^ L. (1M4) 



_ / ■'. 1 

^ (.'—'M'r-HK'l-',)- '-' 
'• "•«"■'' (.+'lU.'-2) - 

. a_ J i_ 

"■ 3(x+l) + 3(»-2)- 
< 2 2, 



- + to. 



(x-S)- 3(x-2)T^3(x+l)- 
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BOOK V. 

IKTEGBAL CALCDLOS. 



CHAPTER L 

IKTCOBATIOH. 

1. The integral ofagivtn differential is the fnno 
tion of which it is tli differential ; oaAthe integral of a 
given finite function is the function of which it is (he 
differential coefficient. 

To integrate is to find the inte^il. The aiga of integr^ 
tion is /.; tbns 

f.d.z = T, f.d.f.x = fz; 

S.d^% = x, f,d^f.x=fx% (245) 

/^di.x = x, /;d:./.i=/.x,&c. (246) 

3. CoroBart/. Since we have 

rfr^(i + fl) = rf^/.«, (2*Ty / 

for all nlues of a, it follows that 

/.</,/.x=/.x + «. (248) 

that is, the integral of a function may hare aa whitror 
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iDcraaie or tloctaue of ■rbitrarj' cohbUiiI. 

ry constant added to it, and in this form the integral is < 
said to be complete. 

3. Corollary. Ad; constant ma; then be added to, or rat ' 
traded from the incomplete iategial, and the form of tbe it | 
tegral ma; often be changed bj this process. 

4. Corollary. If the iategtal contains a term of the Ibrm 

!■«•/ ». 
this term ma; be changed, b; the addition of a constant, to the ; 
form 

log./. * + log. a = log. (a/, z). (249) 

6. CoreUary. If the integral contains a term of the fonn 
Bin.t-iJ X, 
this term ma; be changed, b; the addition of a constant, (o the 
foim 

Bin.[-iU— i"=— (in— Bin.t-iJz) =— cos-Ml* (260) 
or it ma; be changed iato 

coeec.[-'J -, or into cob.(-'],\/(I-x3) or into - flin.[-il\/( I-r')- 

In the same wa;, terms of the form 

cos.[-'3 X, tan.t— 1] z, col.[-^J x, secC-^] x, && 
laa; be changed into 

— Bin.Hi] X, cot,[-'] X, — tan.[-iJ *, — cosec.[-i] t, tuo. 
or into 

Bec.f— '] -, — tan.'—'-, tan.t— ^l-, coB-t—il-, ditc. 



cGoo^k 



^ 7.] lirTECKATIOM. 65 

Number of ■rbiUtrjr coDilaoU. Definite iotegrel. 
or into (901) 



'""' V(i-^)' 

6. Corollary. Since every integration introducea an 
arbitrary constant, the number of arbitrary constants 
in a complete iDtegral must be equal to the number of 
integratious. 

7. CoroUary. The difference between the two values 
of an iutegral, which correspond to two values of its 
variable, is called the definito integral from onevalu* 
to the other value of the variable. 

Thus if x^ and x, are the limiting values of the variable) 
the integral of d^.f. x from x^ to i, is, by (248), 

(f.x,+a)^U:x„+a)=f.x,~.f.z^; (352) 
aad it is written . 

fly..f..=J/:^,. (sss) 

Tbe definite integral is, therefore, independent oftht value of 
lie arbitrary constant ; but the placea of the arbitrary 000- 
Btaol and the variuble are supplied by regarding one of the 
limits as arbitrary and the other as variable, thus 

fl^.d,.f.x=f.z~f.T„ (254) 

which gives, by (248), 
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Iniegrali are linear funcliooB. 
8. Corollary. Since 

flo^,d,.f.z=f.x^-f.x„ (2B6) 

we have, obfiousl^, 

jzi =-/:■■ w 

9- Corollary, Equation (246) shows that inte^ation mi; 
be regarded as negative differeDtiaiion, that is, 

't"=/ (2S8) 

10. Corollary. It is evidentj from B. II. ^^ 51 and 
62, that integrals are linear -functions, which are free 
relatively to all other linear funcHona. 

. Thus we have /. af. i = «/./. x. (259) 

11. Corollary. Differentials, residuals, and integrals 
are functions which are relatively free. 

12. Corollary. When a ftinction can be separated 
into parts connected by the signs + or — , the integral 
of the whole function is the algebraic suin of the partial 
integrals. 

This method of integration might naturally be called iate- 
gration by parts, but the following is a pariicular case of It, to 
which this designation has beeo applied technically. 

13. If u aad v are functions of a variable, we have (Vol. I- 
468) 

d,.uv = ud,.v-\-vd..u, (260) 
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luMgrnlion by paru. 
whence ud,.o^ d,.vv — vd,.u, (^1) 

and by integration 

f.ud,.v = uv—f.vd,.u; (262) 

and when a giren diSerential coefficient can bs sepa- 
rated into two factors, one of which, </,. v, has a knona 
integral, the integration can often be effected by the 
aid of (262) ; and the application of this formula is 
called integration by parts. 

14. Theorem, A definite integral, which is taken be- 
tween limits difii^ring by a quantity equal to the differ- 
eniial of the variable, is equal to the differential of the 
iategral. 

Proof. For the equation (252) becomes, when 

z, = x, x, = x-|-dr, -(263) 

b)r(Vol. I. 421) 

J^^^".d,f.x=f.[x-\-dx)~.f.z=d.f.x. (264) 

15. Theorem. If x^, ar,, i^) ■ • ■ • ^- ^^ successive 
values of x, a definite integral from Xa to s„ is equal 
to the algebraic sum of the corresponding definite inte- 
grals from Xo to x„ from ar, to x^, &c. 

Proof. We evidently have 

/...-/.,.=(/.«, -/...) +(/.., _/..,) 

+ (/•".-/■».) + &■«■ (iWS) 

16. Corollary. Hence if x^, x^, x^, &c. differ by dx, 



l;,GOOt^l>J 



68 IKTEOKIL CkhCWtJS. [B.T.CH.L 

Cbuige of Tiriable. 

the definite integral from x^ to jr. is eqaal to tb« al- 
gebraic sum df all ttie corresponding difierentials from 
Xg to X,, taken at intervals equal to dx. 

17. Scholium. Propositions 14 and 16 reqnire that the inle- 
gn\ be a continooua fuDCtion between the limits, and partiei^ 
lar caution must be observed to exclude those cases, in which 
the value of tbe integral varies from positive to negative, or 
the reverse, b; passing through infiaitf , so as suddenly to itij 
from positive to negative iafinitj, or the reverse. 

18. Theorem. IT we have the equation 

/.f.x = F.T (266) 

and if we substitute for x any functiou at pleasure, as 
, . 2", we shall have 

/.f.{f.r).d,.9.x=^F.9.x. (267) 

Proof. For (S66) gives by differentiation 

d..F.x=f.x, (2C8) 

and patting z=:9.y (269) 

we have, by (Vol. I. 566), 

d,.,F<t.y=f.{<f.y).d..v.y, (270) 

and by integration 

F-<p.y-/.f.{9-y)-d..9-y, (371) 

which is the same with (267), changing y to z. 

le. CoroUary. When * = *>.y (SHS) 

wehave /.f.x'=/-f.{v.y).d..f.y. (273) 
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lolegratloD of algebraic mononiiali. 



CHAPTER II. 

INTEflHATION OT BATIONiAL VCNCTIOHS. 

20. Problem. To integrate an algebraic monomial. 
Selution. Fint. if the algebraic monomial U 

air, (374) 

m which n differs from — 1, the aubstilntion in 202 of 

« — a if, v = x, (276) 

a,.u = na I*-*, d. c = 1, (376) 

giies /.ai"=ax*i-i— /.nai"=oi;»+i_ii/.ai" ; (877) 
whence, b; transposition and difision, 

i»/.ai'+/.ai" = {H+l)/.oi" = a»H-i, (278) 

S.ar = ^: (279) 

that is, the integral of the monomial ia found, by in- 
erea^ng the exponent of the variable by unity, and 
dividing by the exponent thus increased. 

Seamdly. An arbitrar; constant should be added to (279) 
far the complete integral, and we have as in (254) 
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lategialioa of algebruo monomials. 
rAiV%. When « = — 1 

(879) becomes infinite. But the infinite form ma; be wtMeA 
by means of an infinite arbitrBrr constant, such aa (list of 
(380). In this case, (380) asBiimes an indeterminate farm, 
the true value of which may be ascertained by means of 6. 
II. ^ 104. For the d i fie rent i at ion of tke terms of (230) rdl- 
tively to It gives, by (Vol. I. 481), 



•/*»' 



,.(i*fi„a^+i) 



= a (aH-' log. X — x^' log. lo) 
= a(!og.t — log.io), 
or omitting the arbitrary constant a log. x^ 
I .-^ a log. I. 

21. Corollary. Every algebraic polynomial, being 
the sum of monomials of the form ('^74), may be inte- 
grated by integrating its term^ separately; and any 
function can also be integrated by this process, v>kick 
can be reduced to suck a polynomial. 

23. Examples. 

1. Integrate 6x» +i^+5^x»~i+8«-». 

Ans. I' + Jx^ + Sx^ + i^r-^-r-s. 

S. Integrate 9*/x + i s-4. AnS. 3 ji + V*- 
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iDtegTBtion of ratiooal rraclioM. 

3. Integrate ax* +bx* -\ 1- A. 

Ant, i<iz*+-j6x» + c \og.x~\-\x. 

4. Integrate at-»(i' + a + 1)'. 

Ans. ix^-{-x*+3x + Si]og.x — s^K 
6. iDtegrate x{x-\-x- >)». Ana. i x* + >:■ + log- «• 

23. Cerollary. The sabatitution of ^. x for x in (270) and 
(282), girea by § 18, 



/. a(f.z)"d,.».s 



: n+l ' 



, ad,.<t.x 

. —^ — := d log. n 



24. Corollary. Let 

,.i = *i + e, d,.f.i = 6. (285) 

(283 and 284) become, by di* iding by 6, 

25. Problem. To inlegraie a rational fraclion. 

Solution. Let the rraction be reduced, as in B. IV. ^ 16, to 
■ Diied qunniity, of which one part is an integral polynomial, 
Ud the other ia a rational iracltoq, in which the degree of the 
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InlegralioD of rational frnctioDi. 

nnmerotoi' ia less than that of ihe denominator. Ifthta sectrnd ; 
pait is denoted b; /. z, (216) and B. IV. <§ 15 give ! 

f.x-^,iLL^, (286) I 

The integral of (368), relatively to z, is by (237) and <§ U 

/./.«= l.f^-^=L-af-z))H.{z-z); (289) , 

and (289), added to the integral of the polynomial, is the re- ' 
quired integral. 

26. Corollary, Since (288) is, by Ihe process of B. IV. 
^ 4, Ex. 9, reduced to ibe sum of several fractions of the 
form 

(269) is the sum of their integrals, or is itself by (286 and ' 
387) the sum of several terms of the form 

when n is greater than unity, and of the form 

/.ijog. (« — !„) (292) 

vrbcn n ia unity. 

37. Corollary. When the given rational fraction is a real 
function, it follows from B. III. %^ 37-39, that x'^, the coo- 
jngate of Zg, furnishes a fraction, corresponding to (290) 
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iBtegralioa of retional rrietioni. 

iDchthat if /.'io= ii + Bv' — 1, (204) 

then /.'V — A — JS^/— I ; (295) 

sod if we pat (x — lo)*"' = JT + F V— 1. (296) 
in which X and Y are fiinctiona of x, we have 

(z _ x„')-* = X— rV _ 1. (297) 

Hence the aam of (391) and the conjugate fraction ia, sup- 
Ptaiog 

Xo = a + 6V— 1. (298) 

_i_ (^+g^/-l)(X-r^/-l)+f^-B^/-l)(X+r^/-l) 
«-i' («— «o)*-' (a^ — V)"-' 

8^jr+gB r 



~ «— 1 (x3— aax+as+Aa)— »' 
which ia a real function. 
Id the same way, since (95) giTes 
Iog.(x— x„) = log.(z-fl — 6^— 1) 

c— a 
(he sum of (292) and its conjugate is 

^log. [(i_a)3 + 6a] + SBtan.C-'] — (301) 

which is real ; so that (he required integral is thus entirely 
&eed from imaginarj quantiiies. 
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28. ExutPLEB. 

1. lalegrite 

x' + 10z» + 36z»+67g*+68»a+g9x3 — 4t 

Solution. J^rst. When, for this example, 



we hare n = 1, 


. /... = !. 


and (29a) becomes 


log.(.-l). 


S»oiu%. When 


«« = — >, 


we hare for n = 


3, /■...= !, 


» thai (391) become! 


1 


2(.+ l)«' 


and we have for n = 2, 


/•".=0. 


for 11 = 1, 


/...=0. 



T6ir<%. When Xa — — l+V—h 
we have for n = 3, f.x^== — i ; 

■o that by (394 and 295) 

A = — i, B = 0, 

j:=i + i. v= — I, 

and (299) becomen a(ta+2^ + 2) ' 

We have also for m = I, f_Xa=h 
■0 that by (394 and 296) 
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Integration of Titiontt frBctioni. 
A = 0, B = — J, 
and (301) becomes — f cot.t->](i + 1). 
The required integral in, therefore, 

i<^(— i)-i('+<)^+ a(..!|I^'^3) -t««-'-"(' + i)- 
+ 1 



% Integrate 



3. Integrate 



(.-l)«(. + 2)- 



(i + l)(»-2)- 
A,^ f log. (. + 1) + J log. (.-2). 



, , , . I' — 3 1> + 2 

6. Integrate —; -^ — ~ — „ , .. . 

jU.. |log.(j'-2o. + a»+6') 

+ I£±J?uii.[-ili:pi. (302) 



fi. Integrate 



«x + n 



'+»• 



iL,^.(^+^)__^^,-.:^ 



[_1] Vfi 
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lutepatioa of rmtioiul frmctions. 

7. Integrate ^ . 

Jm. t«n.t-'l I = cotl-n 1, (304) 

J, (wa + w ) ! — !«(«'+&') — w a 

^ 26a(,a_2ax + o» + 6'') 

_j'i^±^.Un.M]^-. (305) 
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Integration of iirationnl fitnotioni. 



CHAPTER in. 

ISTEOBATIOtl or lEBATIONAL TUNCTIOHS. 

29. Toinlegrale /. [i, V (" » + ')]• 

SoMim. Lei j, = V(o. + S), (806) 

,|„„„e , = »!zl?,„.,.= i^, (SOT) 

and by ^ 19 

30. EXAHTLEB. 

1. iQtegrate \/(ox + ft)-. 

Solution, Equation (308) becomea, in this case, 

- (» + »)<■ • 



(308) 



S. Integrate 



7» 
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InlegntioD of irrtlional fuiictionf. 



V'x-l 

Solution. I^ y ^ V'x 

sad (SOB) becomes 

~f.*+|>*+}«*+2i*+3i*+6.*+61og.(^«-l). 
4. iDtegrate zV(* + '') + \^ (* + «)■ 

31. Problem. Toinlegrale f.li,^(at>+ bx + c)]. 



= «(,■-.) (310) 



cj.iiKcCoO'^lt: 
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InUfntioB nf iiratioBal Faawio— ■ 
and bj ^ 19, 
//.[..^/(a.>+4x-H)]=//.[j— ^.^^•(jr^-)]](3U) 

There are, (ben, sevenl casei : 
J&sf. When a b negative and m neg&tite, llie ndical 

V [<■(»"--)] (ai3) 

is always imaginary, and the integral, being imaginary, admila 
of no real aolution, and may be H^red as in either of the other 
cases vrbich, in this case, become imaginary. 

Secondly. When a is positire and at negative, y' most be 
greater than m, when (313) is real, lei, then, 

2 =^/(,' -«)-,, (814) 

whence {y + »)» = y" + 2y i + »» = y* — » (315) 

y = -|^-J« (316) 

d^y = ^-4 (317) 

V[«(y'-».)=V«.(«+y)='s/a.(-^ + i*)C319) 
tnd (312) becomes 

Thirdlif. When m is posilire, let 

«-=^^>. (320) 

C3.ifKi:,'C00t^l>J 
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. I 

of irratioDal fliDctioiu. 



v/».(.'-Hi) 






V[a(y'-"))_-j3ji- 

and (313) becomes 

rV»(5M:f)_ »^ 2»\/».» -| ■ 
■'■■'^•L o — J" 2o' o — a" J' 



(o-»')' ' ' 
32. Examples. 

'■ '»"8"- s/(..4 «.+») • 
Solution. In this case (313) becomes 

(319) becomes, by reduction, 

-fv^ — ^'o*-' 

= — ^ log. [V(jr"— «)— »1, 

oruDce 
log.Vdi' — ») — > = log.(— »)— log.[v/(j»— «)+y] 

-■''•vb=-:i7s''«-''+:;7s"«l^(!''-")+*i' P"' 

C3.ifKi:,C00^k 
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iDtegnlioD of irralionai functioiia. 

in which T-'og- — "> ™&y ^ oroiUed, as in att, 3. 

Again (334) becomes 

vUcb, when a ia posiiire, is 

_L .- HV« _ 1 ,_. V(y+V»)+v'(y-V») 
Va'^'^-V""-/"^ ^V(y-V»)-V(j'+v'i») 

= ;ij.log.[-/(j,"-".)+y]-^i (328) 

but wheo a is negative (327) is as ia (303) 

The form of this last Bolution may be changed in several ways, 
vhich will often be useful ; thus, let 

'='»'-'J(^J) (»«) 

whence tan. i = \(- ,"'~ - - \ 

Bec."fl = I + tan.» 6 = — . -—, — 



sin." * =r tan," a ■ cos." e = 
Nn.' S e :=4sin.' t . cos." a 
coB.2S=3cos.«* — 1 = 



^/«- 



2V» 
w-y»_ 4a(fliH-fe'-H) 

m iae — i" 

y _ &+2fl a 
V^"'V'(6'-4ac} 
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Integntion of irrational fuDctiODB. 



and (329) gifes 



n.t-'] - 






Q. Integrate —.-jz jy Am. flm.W] i. 



3. Integrate 



V(i-«'')' 

.!«.. log.[« + V(I+"-)] 



(334) 

Jm. log.[x+V(>»-l)]- 
S. Integrate 



At.. _rt,. + })V(l->") 



6. Integrate 



v'(«-M.-)-»jyi-Vo 



_ ' ,,n.l-.llj_°, 
(^ — a i-J ft 
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lolegraiioD of imiiona] fiincdona. 



A,., log. V" +;•)-!. 



xV(l-»")' 



^„. |„g.V(l— )lll. 



jtiM. — ain.[— '1 - or Bec.[— '!». 

X 

10. Integrate 



4«*. log.[J + x+V(«3 + «)]. 





s J L 


-'•^u + Ai- 






Let 








-mi^ 




(340) 


•hence 


'=1^. 




(Ml) 



n (ft « — a A) «^i 
and, by ^ 19, the mtegtal of (339) becomes 

■ rn-.y -1 .(t e-nijy -i 
■'•■'l*y--4''4-(*r=4)=- <'*'> 
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[ntegratiOD of imlioDal funcliona. 

34. EzAMPLEfl. 

» 1 — • 
1, Integrate L , ^ . 

in,. V(l-')V(>+')*-l<>8[V(l— )+V'(<+»)] 
V3.V(1-.) 



— is/3lml-V- 



2V(l+«) /(>-•) 



2- i»i«f'"« iTT^ • Ji+i 



ilni. 



»j(.+-x)- 



36. Problem. To integrate 

when m is exactly divisible by n. 

Solution. Let a + 6 x" = y ; (345) 

whence x' = ^~" , (M6) 



The di£krea(ial coefficient of the logarilhm of (346), giwes 
wbeoce 
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lotegration of irrallonat ruDctioni. 
ud, by § 19, the iolegial of (344) bccomea 

36. Corollary. When ; = 2 and %, tn is divisible by 
n, (350) is iotegrable by ^ 31. 

37. Examples. 

1. Integrate i* v'(* -f- ^ ^* )■ 
SobUion. In this case 

tii = 4, R^4, 3^5; 
whence y ^ ^{a-^bx*) 

~" 24 6 • 

2. Integrate a;»^(a + 6ia). 



8 
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Integration at irra^oDal fiinctioni. 



4. Integrtte 



Ant. — liV(l— *") + i«in.I->la. 
tS. Problem. To integrate 

!--»{« + 6 x-)7/.(i^) (361) 

on nteger. 

Solution. Let a r-* + 6 = y«, (352) 

whence a^ = ." -r. (353) 

The differential coefficient of (he logarithm of (353) gives 

.J^ gj!^ (356) 

whence 

and, by ^ 19, the integra] of (351) becomes 

cj.iiKcCoO'^lt: 
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InlagTStion of binonual irrattODil Amotiani. 

39. ExAHPLEi. 

I. IntegTste — ; . 



2. Integrate 






40. Problem. To integrate 

ar(a + bjf)' (369) 

when m and n are positive integers, and p isapoat- 
tite fraction. 

iSb&tfMm. Firtt. Let » = af, (360) 

whfiQce <4.» = »x^', (361) 

in which t a io bn (okeD or sacb a ralue as maj be found 
most Dseful ; let, then, 

« d, . = X- (a + 6 r)' ; (362) 

whence u = -XK^~'+^{a-^br)% (363) 

((^K=!!5=^ j..»-^(o+fci-)^^^^i«-Hii(o-|-6a")y-"j (364) 
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iDtegratian of binamiBl imtioiiBl fuDctioni. 
or.Bince (0 + 6*")'' = (0 + 61?') (a-J- 6x")»-», (365) 
rf.«=:<"-'+^>'^<"';'+^+"P-Hl\^(<.+t^y-^ (366) 
and, bj (262), the integral of (359) ia 
-x-H-i(a+6»')' 
J (^5+l)a-K.«-5+l+np)6x- ^^^_^_^ ^^^,_ jgg^j 

■ad, if t is (aken such that 

ra — s-f. 1 +Bp = 0, that is, s = (fi+ 1 +11^1, (368) 
(367) becomes 

x»+-'(a + &2-) > +B«p/.»-(a + &,- )f-i| 

m + 1 +n|» ' ^ 

The value of the required integral is thus made to de- 
pend upon that of au integral, in which the exponent af 
the binomial (o + 6t") is diminished by unity; the 
value of this new integral may, by the same formula 
(369), be made to depend upon that of an integral, in 
which the exponent of the binomial is still farther di- 
minished ; and so on until th& expoiient of ike binomial 
is reduced to a fraction less than unity. 

Secondlif. Instead of (360) let, now, 

t>=(a + 6j")'j (370) 

in which s is to be taken of an; value, which may be found 
useful ; whence 



cGoo^k 



$ 40.j lUUTioHiL rnMCTioMS. 89 

IntegralioD of biDomial imtiMial fonclioiw. 
and if K is token so aa to satlsfjr (360), 

u = -^ . i*-H^i (a + biry-**-^ (372) 



ud if J is taken snch tbat 

i»+l-i-»j> — n< = 6, that if. s = ^^-\-p (874) 
(373) becomes 

- («-«4-l) ^_ ^^ _|_ J ^^^ ^37gj 



, (376) 



■ -6(B.+l + ni.) 
ud, b; (262), the integral of (359) ia 
t-— +'(n+6i-)H-i— fl(Bi— it+l)/.g'^a+fea^)i 
b{m + l + np) 

iQ which the exponent of the iactor z~ of the binomial 
is diminished by tliat of or in the binomial, and this 
expmtent may by a repealed application of (376) be still 
farther diminished until it is less than n. 

Thirdhj. By the successive use of (369 and 376), 
the required integral may be made to depend upon one 
of a similar form, in which the exponent of the MnowM- 
al {a -\- b ar) is less than unity, and that of its factor 
is less than n. 

S* 



l;,GOOt^l>J 



90 UITEGKU. CjUXOLVS. [b. T. CH. UL 

iDtegmion of binoBial inataoatl liutciisBi. 

Fourthly. The deTetopmeat of (a-^-b try may be eSed- 
ed bj the binomial iheoTem, either accoTding to ascendlog at 
descendiag powers of z ; it being better lo use the ascendiiig 
powers when 

«-<p (337) 

and the deacending powers whm 

••>f m 

Iq one case the integral of (359) is 

-•;rM+ m + n+^l + 1.3.{«+2« + l) ^ '''• 

and in the other caae 



\iij>+ni-|-l BjH-m— » + l ^^ / 
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iDtegiation of binomial irrational fiioctiou. 

41. Examples. 

1. Reduce the integral of z* (a-^-bx^y to depend upon 
one, in which the exponent of a -|- 1 z^ is lesa than unit7, and 
the exponent of ita factor ia less than 3. 



SobUion. By pntting 


iii(36S) 






«z=4, 


» = 3. P=S. 




it giies 








/...(M-6.' 


)»=A. 


•(«+i.«)»+?|/..(a+»,. 


)», 


and bjr putting 


in (376) 








i» = 4. 


» = 3, p = J, 




it gives 








/.**(a+6.3) 


i^a-(' 


. + t.')i 4«j.,,, li,. 


)J. 




134 ISJ-* > + 


J 


BO thai, by substitution. 






/.z*{<.+6x= 


■)*-a-H-^."-^)<« + a..,» 








-StV'(«+'-)*- 





2. Develop the integral of z((i4-i3^'} according to pow- 
ers of z. 

Solution. By putting in (379 and 380) 

M = 1, B =z 3, p = J, 
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IntegrttioD of binomUl imiionti Ainetioiu. 

y:.(.+i..)i=Va..'[n-5f;-A(^)- + &..] 

3. Reduce the integral of z* (a> — x')^ to depend upon 
one, in which the exponent of a' — x' is leas than nnitj, ud 
that of ita factor is less than 2. 

Am. [fyz*-^a'z'~^^ a* x) (a' _ x>)^ 

4. DeTelopthe integral of (a* — z')' according to powets 
of «. 

A„. A(i-j.|!-A.5;+&c) 

» — *(»+ ^+A-^+&-c.) 

5. Develop the integral of x(I-]-z'}^ according to poiren 
of z. 

Ans. x'^ + ^x'-T^jZ^+Si^c.) 
or x*m.|x-» + ^ar<'+&c) 

42. Problem. To integrate (3£9) for all real values 
of m, n, and p. 

Solution. I^rst. When m is a negative integer and n s 
positive integer, the substituting of m-j-n for n in (376), 
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Integration of binomial irrstiailsl fUncliiini. 

freeing from fraclions, dividing hj a{m-\- 1), and trao^iosing, 
give for the required integral 



.(381) 



x'+i{a+ii^)F+i—h(m+l-\-np+n)f.t*+'(a+b^y 
a(m-l-l) 

which formula, since m is negative, serves to increase 
the exponent of the factor of the binomial under the 
sign of integration, until it becomes positive but less 
than n. 

Secondly. When p is negative, the Bubstilutioii of f> -]- 1 
(or J) in (369), givea b; reduction for the value of the requir- 
ed integral 



(3ga) 



-x*H-i (a+6 a-) H-i+(n,+l+ nj >+«)/i^ (fl+6 '')^ ' 

a«(p + l) 

vhich formula serves to increase the exponent of the 
binomial under the sign of integration, until it becomes 
positive but less than unity. 

Thirdly. When nt and n are fractions and n positive, let 
the common denominator of m and nbe I, and let 



whence <?,,. a=?y-i (384) 

and, b; ^ 19, the intregal of (359) becomes 

fiy'rV'-'i^ + by^y (385) 

in which the exponents of y are integers, so that it may- 
be integrated by ^ 40, or the preceding part of this sec- 



l;,GOOt^l>J 



94 INTIQHAL CAWOLU5. [b.V. CB-IIt 

Inlcgtation of biDomial imttioml riiDCtioDB. 
FoMTthfy. When His negative, a nmple algebraic rednc^ 
givea 

!r(a + 6i")' = x-+-'(6 + ox— )-. (386) 

the integration of which may be effected by ^ 40 or 
the preceding part of this section. 

43. EZAHPLBB. 

1. Redoce the integral of I-" (1+1=)-* to depend opw 
ooe, in which the exponent of the binomial is positiTe lad lex 
than unity, and that of its factor is poeitir* and less than 3. 

Solution. The substitution of 

m — — Si, » = 9, j) = — J, o=l, 6=1. 
in (381), gives | 

the substitution of 

»= 1, » = 3, p = — i, a=: 1, 6 = 1, 
io (382), gives 

Hence 

/z-»(i+,«H=-(^"+ii»)(i+»»)M/*(i-H')' 

2. Reduce the integral of *-»(! +x9)"* to depend upon 
one, in which the enponent of the binomial is positive and lest 
than unity, and that of its factor is positive and less than 3. 

Am. i(x-ar>)(I+x>)4-/(l + x»)* 
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iDtegration of binomial iiralional fhiiclioiu. 

3. Reduce the integral of (1+**)"^ to depend upoa 
one, in which the exponent of the binomial is poeitine and lesi 
than nnity. 

Ans. ^z(l+«»)-^(3 + x'>-xi») + f/(l +«•)*. 

4. Reduce the integral of i* (a + J i*)*" to depend upon 
me of the same form, but in which the exponents are inlegral, 
except that of the binomial. 

Soltitim. la (383) we have, for this case. 
n that (385) gives 

5. Reduce the integral of x* [a -\-b x^f to depend upon 
one of the same form, but in which the exponeata are integral, 
except that of the hiomial. ' 

Ans. 15/ y" (a-l- ft ?■•)'■ 

6- Reduce the integral of i* (a-|- ft z~■)''todependup• 
on one in which the exponent of z in the binomial is positive. 

Ans. /(6 + ax3)* 

44. Problem. To jind the value of the definite inte- 
gral 

/l^{a-i-bjry (387) 

inv>kich " = '^-1 (388) 

and m, n, andp are positive. 
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Value of bioomial deGnite irite|TBl. 



Sul Ui. A. Tiie substilntiou o! 

a = — bif (389) 

redaces (387) to 

f/; X- (x- — c/^ (— 6r/; X' {(T — iTY. (390) 

First. The term of (369) 

X-+1 (a + 6z")'= i'lt-i (if — c-)' (391) 

is zero when z = 0, and when z =: e. (393) 

Hence (369) gives for the value of (387) 



«. + !+»/ 



71.z-(a + 6x-)F-". 



and, in the same way, by changing p top — \,p — 3, &c., 
(3C9) gives 



The Bubstitution of each successive value, in the preceding 
one, givea for the value of (387), if p^ is the greatest integer 
in p, 

(fl«)Fcp{p-l)(;>-g)....(p-p„ + l) 

{i,^\-{-np)im+\-\-n{p-\)]....[m+l+n(^p,-\-\)] 
XSl7r{a-\-hf)f-?<, (396) 
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Palae of binomial dcinita itiMgn). 
8tcorwUy. In the sama way, (376) givea 

y!-'-(»+»'-)'=-f^^^-'"<'H-^)'(8i») 

xnd for the fiDsl value of (387), if i ia the giekteat integral 
namber of timea, which n is contained in m, 

-( ^7-;:„t)'iw-.:;^+V ---t°+'->'>»"' 

Thircay. The aeriee (379) gives for the value of (387) 

45. Corollary. In the particular case, in vhich 

m = 0, n = 3, i> = — i, (401) " 

we have 

o= — 6c», e = V — J. (402) 

and by (331) 

■hence 
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Value of binomial definite inlegral. 
46. CoroSary. It fiillows from (404), that if 



47. Examples. 



(1(6) 



1. Find the value of the definite iategral / —77 irii'" 

•'0 V (»~5 * ) 

»hich e ^ . 

S 

Solution. The aubetitution of 

.. = 4, « = 2, p=— i, * = a 
n (399) givea, b, (406), 

yt a* _ a' 3.1 /« 1_ _^ Z 

,V(»-8'«")"'«''4-«-'ov'(»-S'>')~8s''li' 

3. Find the value of the definite integral^ ■ ,, 3_^,j - 

1.3.6 »oi 
'"'• 27476-2- 



3. Find the value of the definite iDtesral /*■ i.- j — ji' 
Solution. Equation (399) gives 

^■- x'> _ gg' /" _^^— _ 



::.,:.X«C>^I. 
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Value of binomial dafinile iatagrtl. 
Bat by (324) 



4, Find the value of the definite int 



AegiaiJ. - 






5. Find the value of the definite integral Jl.i^{a-\-b z') 
where e ^ \^ — t- 

Solution. The substitution of 

tn = 0, tt = 3, p =r J, 
m (393) gives b; (404) 

6. Find the value of the definite integral /'. v'(a» — i'). 

^)»». —7 — • 

7. Find the value of the definite integral J^. ^»/(a' — x=). 

Ans. i.^. 

8. Find the value of the definite integral y^.z\/(i' — ^')- 

Ans. i a'. 
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Valua of UnomMl defioita intagrml. 

9. Find the value of the definite integral J^. x^^{a^ — i"). 

Am. |.ia«. 

10. Find the voloe of the definite integral f^. (a^— z>)'. 

Ant. -fj n a«. 

1^11. Find th« vala* oftbe definite integral /;. x^{a'—t*)'. 

12. Find the valoe ofthe definite integral y^.x>(a3—i^)f 

Ans. f-iaT. 

13. Find the *alu« of the definite integral /;. x{a'—x''^. 

Ans. ^ d'. 
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Integratioii of logarithroie Ainolioiu. 



CHAPTER IT. 

INTEGRATION Of LOGABITHUIC rUNCTIONS. 

48. Problem. To integrate 

f. s. (log. F. xy (408) 

Sobttion. First. When * is positire, the rabfltitatiai of 

u = {log. F. x); d^v=f. X, (409) 

in (362) gives for the integral of (408) 

(..g. F. .)■/. f. ,_„ p'o,.F..r-'j..j.'.u.^ („„, 

by which fonnula the exponent of the logarithm is di- 
minished by unity, and may be still farther reduced by 
the repeated application of the same fonnula. 

Secondly. When n is negaUre and differs from — I, the 
aabstitution of 

" = ('<«■ -f- •)*. • = (. + i)Tf., - ("" 

in (203) gives eat the integral of {iOS) 

by which the exponent of the logarithm is increaaed by 
unity. 
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IntafMiioD of lag«ri>t>i*>ic fiiiMtioii*. 
T^tirdfy. When k =: — 1 (413) 



lbs onl; awful redaction oocara ia the case of 
•' F.I 



d^ log. F. X (114) 



ID this cue, BiDce d^ log.' J*, z = -= — ; — '^= — , M15) 

the required integral is f. -= — - — ^-=— = log.* F. t. (416) 

Fourthly. The particular case of (414), gives also a dit 
ferent aolutioQ of the general problem ; foi in this cue Ibe 
int^al of (408) is 

/ (log. F. Ty.d: log. F. X = ^'°^^-^^,^'^' . {4") 

In other cases, the integration can only be advanced 
in the form of a series. 



49. EzAHPLie. 

1. Integrate z" (log. x)'. 

Sohitum. First, When tn differs from — 1, in which cik 

(410) glTOB 

_ jg-H^i log. X «*+' 

- «. + ! (« + !)» 
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InUfralion of logarithmic fiinetioui. 
ao thu the required integral is 

Secmtdly. Wbeu m = — 1 

(417) giTCS for the required integral 

4 (log. x)*. 

2. Integrate x" (log. i)*. 

^ni. When m diflers from — 1, it is 

■■^' nw.,)- 3(10,..). 3.2.1,,. X a.a.i -. 

•+iL' ' ' »+i ^(-+1)' (-+i)'J 

ud when m = — 1 

it ia i (log. a)*. 

3. Integrate y. z. log. z. 

Jm. When /. x differa from jr>, it is 

ind when f. t=.— 

it is J (log. z)s. 

4. Integrate ^ °^' ■ ^' when n differs from — 1. 



C3.ifKi:,'C00t^l>J 



INTKflBAI. CAU;ui.US. [b. V. CH. IT. 

LofmrilhBuc daHnits intagnla. 



^„, J^ + l<^.(l_x). 
6. Integrate — r— — . Am. log." x. 

60. Problem. To find the value of the definite in- 
tegral 

/;■ {-log. «)» (419) 

in which n is an integer greater than — 2. 
SoUitim. First. In thia case, (408-410) give 

/.z=l, F.T = x, f.f.x — x; (420) 

/. (- log. z.)5 = z {- log. 4 + 1/ (_ log. xf-^ (421) 
in which vheo z = 0, or = 1, (4^) 

the first term of the second member vanishes as in example S 
of B. II. % 109, so that the required integral becomes 

I /i-(-l«8- •)'-'• (*») 

By this process, then, the exponent of ( — log. z) is dimin- 
ished by unity ; and a eonliaued repetition of it gires for lbs 
value of (419) 

i(^>)(i-') (i-'+')y;'(-'««-)'-*<*"' 

in which A is an integer not greater than ^ + !• 
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Logaritboiio definite iutegrtla. 

Secondly. When n ia eTeo, let 

A = J« (436) 

and (424) gives 

/J-{— log-x)*=1.2.3 *. (486) 

TTardlg. When n is odd, and poaitive, let 

A = i " + J. (427) 

and (424) gives 

/J.(-log.x)'-i« (A-})(A-5)...|.J/i.(-log.x)-4 (428) 

FntrtlUy. When a = — 1 

let ■K=/i.(-log.»)"* (429) 

The sabstitQtion of 

x = a*\ (430) 

in which a is auppoeed I»a than unit;, so that ( — log. a) is 
positire, gires 

— log.i = ~y»log.a, d^^i = 2ya»Mog.a; (431) 
and when z = 0, y = cc , 

z= 1, y = 0; (432) 

K= — Zf^. a'\— log.a)4 (483) 

Md K(— Iog.a)"* = —^J^. fl"'. (484) 

Bal, b; takiag the integrals relatively to a, we have 

/\(-log.a)-l=£, (436) 
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Iioguithmic definite iDlegrab. 

J, j'+i y' + i 

and, theieibie, the iategral of (434) with reference to a, is 
br(304) 

X'=— 2 r".— i-r = — «(Ml-'10— un.I-"las) 

=-2(0 -!») = »■ («) 

o, Jir=/..(_log.,)-i=/J,-^=^/,. (438) 

SI. C&roUaiy. The subBtitotioD of (438) in (438) gives 
"■' /i.(lo;.t)'-i = '-°°--f''*') ^/,. (459) 

€2. CmroUary. The sabstitutbn of 

t:=y*+"', or log. X = (m-^ 1) log. y, (440) 
whence d..,, z = (« + l)y- (441) 

in (426 and 439) giTOB ; b; dividing, in one case, by (in-|-l)^'; 
and, in the other, b; (m -J- 1)H-} 

/J.»-(I.S.«'=l^i^^; (44») 

^''■■' /S.y-(lo8.«^4=1^5^^!Si^V». (44S) 

2'(m+l)*+4 

63. ProfrJm. TV integrate 

F. («/■*). (/.x)' 4./. ». (444) 
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Eiponeatial iDtegrals. 

Sdiitum. Let y = e^', (445) 

whence d,.,. x = (eAot./.i)-! ={y d,./. x)-» (446) 

]og.y=/.z, (447) 

and the integral of (444) is, b; ^ 19, 

/.(log.y)".^, (448) 

which ma; be found by ^ 48. 
54. Corollary. When 



n = 


(449) 


(«8) gWes 




/. F. (,/-). J../. =/.^. 


(450) 


55. Examples. 




1. Integrate e"V(l— «■")■ 




la this case if 




/.. = ax, JJ-.. = « 




F.,= fyV(l-,") 





(450) gives 

=iyv'{i-y')+^«n.[-i]y 

=£e" V( 1—*'") + 5^Hin.l->] «". *^ 

2. Integrate C*. Am. ie". (451) 

3. Integrate i e • *. jins. ( ^ J f*. 

i 
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Potential integnli. 

4. Integnte a*. Atu. . 

5. Integrate Sia.(itz-)-a). Ant. iCofl.(iti-(-a). (453) 

6. lategrate Cos.(lx+a). Am. i&m.{,ix^a). (453) 

66. Problem. To integrtUt 

/.(Sin.ix, Cos.ix). (4M) 

BoluHo*. I^t 

y = Sin.itz, or ix r= Sia.f'i] y ; (465) 

and b; (137 and 143) 

C«..i.=V(l+y'), *.t,.«=^7^j; (456) 
whence the integral of (454) Ui b; ^ 19, 

/• i/ [y. -/(I + y')] ■ (1 + y")-*. («') 

which can be found by ^ 31. 

67. ExAHPLSs. 
1. Integrate Sin.~jtT. Cos.ftz. 
Sobttton. In this case, (4S7) becomes 

f.y^=€^=^^Jll. (458) 

a Integrate Cos.^ta!. Sin. iz. Xn*. ~ — ' p 
3. Integrate Tang, it x. Ak. i log. Cos. k z. (459) 
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Poteaiiil inlagralB. 

4. Integrate Cotsn. k x. Am. i log. Sio. it x. (460) 

6. Integrate Sec. ix. Ans, ^tan.[-i] Sin. itx. (461) 

6. Integrate Ccwec ix. Am. A Iw. /^"•*''~'\ 

\Ccw.*i-j-l/' 

. or,by(140), i log. Tan. J ft *. (463) 

7. Integrate e" Sin. kx. (463) 
Sobitien. Since by (121 and 133) 

8in.iz = l(.*'_e-*.), 
Cos.iz = i (e*«+ f-*') ; 
m have «•' Sin. A x = i (((»+*)»_ «(•-*)*), 
/Ie»«Sin.*iz= J-— 

V »{<•'— t') ) 

_^./ aSiii. ii — t Cw. t»\ ,„,, 
-"^ ( SF^^p )• (<«) 

8. Integrate e" Coe. ftz. 

Am. e"^ .^,--^^ J. (466; 

9. Integrate «"8in. ax. Ans. £e'" — Ji. (466] 

10. Integrate e*' Cos. ox. Ans. £e*" + Jz. (467' 

11. Integrate «■«»■** Cos. ft (I. Ans. It e*^^-*'. {466' 

12. Integrate e«c<»-*«sin.ftx. .4»j. i<"0**«. (4fl 

10 
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Potential integrals. 

68. Corollary. Tb« diSerential coefficients of (451,453, 
453, 458, 464, 465) with respect to a, k, or m, give 

f.xe"- =d....ie" 

/iCo».(i. + o) = *...iCki>.(*i + i.) (4W) 

= |sm.(i. + i.)-ioo..(t. + a) 
/.>3iii.(ti>+") = i5.-}Co..(t» + a) («<) 

/ i>t-i Coi..(li « + o) = <?,:+'. i Cos. (i X + a), m 

/.»•■ Sin.(i« + ») = <e:-i C(a.(l. + <.), (4™) 

j: i?t-i Sm.(it « + o) = !<..■ iC;+'- i C"- ('"+ ") 

= ■fti*-' . i Sin. (i I + o), (<") 

/..•■Co..(lx + a)=^.M Siii.(4. + «), It's) 

. Sin.-H-i i. 
j: Sin." it * . Cos. * z . log. Sin. * X = d,,^ .. j ^^ 

/ . 1 \Sin.-+-iis 

= (l«g.s.n.*'-s^J(;;r+-iy4' 
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LOOABITHHIC rCNOTIONS. 



/C08.-ftX.Sin.il,log.C0«.*J = (/,.. - 

(« + *)* 

/.«"Si.*.==.„.(«».1^3|^S^«) (481) 

/a^^Sin.ix=<.7«".^5!^=|^^l^y (483) 

59. Corollary. Eqnations (121 and 123) give 

i"e"Sin.az = j!r-e»" — Ji", (484) 

a^«"CoB.az = Jr'e'"+ii"; (486) 

10 that by (472) 
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EipODential definiu inUgnJi. 

60. CoroOary. When 

{486 and 497) become 

/xe"Siii.az=irf,...iea"— ixa (488) 

/««'"Coii.<ii=Jii„.i<S" + i«« (181) 

61. Problem. To find the value of the definite iots- 
gral 

S;.^e—^, (490) 

in which a is positive and n is zero or a positive in- 
teger. 

Bolutioa. Let 

tr^—y, «*=J, (491) 

z':= — log.y = log. ■L, (493) 

2xc?,,.i = — i A,.x = — -ri-i (495) 

' » r 2jy 1 

so that whei) z = 0, y = 1, (491) 

x=OD, y.= 0. (495) 

The value of (490) ia, by ^ 19, 

i/^-Oog-^)^**-'- (4M) 
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EipoDsntial definite iolegrali. 
Heoce, bj (442 and 443), whea n ia odd, 
^-.J^ l.2.3 (j.-i) 

and when r is even 



f. -■-"■ 1.3.5....(_. + 1) . 



(497) 



j^.^,— '='-"-°---" + "vA (496) 

2 (So)*" ° 



62. 




When 
« = 0, 


o= 1, 








(498) 


giyea 


/:..-^= 


.JV». 






(499) 


63. 

>bsa 


CSmHory. 
nil odd, 


By rerersing 


tbesigD 


of: 


.(497. 


-499) gi... 



when n is even 



(601) 



/J:..e-^=J^^. (502) 

64, CBroIlanf. The Bums of (497 and 500), of (498 and 
601), of (499 and 502), gin, when n is odd, 

A-»"<"^=0. (503) 
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Eiponential deSniU ititagra]*. 



when n ia eTen, 

65. CoriAtary. The BobstitaUtm of 

for X in (504) gives by % 18, when n = 0, 

which, multiplied hy e *" , gives 
*» 
y_„ . e - — ' ^ a 

66. CoroUaty. The dLfferenrial coefficienU of (508), with 
reference to a and b, aie 

-'-"■ Sa 

67. Examples. 
!. Find the value of the definite integnl 
/■B. - (— 1«*" + •> Sin. * X. 
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potential definilB inUgnli. 
3. Fiad the value of the definite integral 

/Ji. !«-(■*'+'') Cos. Ax. Ans. 0. 

3. Find the valae of the definite integral 

/J[,.{mx'+n)e-('^ + '^8\a.kx. Ans. 0. 

4. Find the valne of Ihe definite integral 

/~^. {m *» + «) e- 1' •*+ •) Cos. i X. 

6. Find the tbIda of the definite integral 

n-'—. 

in which a b poBitive. Am, i. (SH) 

6, Find the ralne of the definite integral 

in which a is positiret 

(618) 



l;,GOOt^l>J 



INTEOSAL CALCULUS. [b. V. CU. V, 

TrigoDomelHo integral*. 



CHAPTER V. 

INIBORAIipM or CUtCULAR rUMCTIOHS. 

68. Problem. To integrate 

f.{8\n.kz, COS.* a). (613) 

Solutivn. The subetitaUon of 

x = !/>^—i, d,.,.x = V— 1, (61*) 

gireeby (laiand 123) 

sin. £x=; V— 1- Sia.ky, (515) 

cos.Jtz= Cos. ky; (616) 

and the integral of (513) b 

y:v'— 1. /.{*/— I. Sm.iy, Coa-fty), (BIT) 
which may be found by ^ 56. 

69. EXAHFLEB. 

1. Integrate 8in.*'£z. coa.ix. 
Solution. In this case (S17) becomes 

(_l)i<"+''sin-Ay.Cos.*yi 
whence by (458, 121, 122, and 514) 
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TrigonoiMtric integral!. 



■iii."+' kx 



/«..-t..e<«.t.= (-l) --^i^zfrjyt 



- (».+ l)f 
2. Integrate coa.' k x . ria. k z. 



(618) 



3. Integrate eia. {kx-\- a). 

Am. ~ i COS. [k z -^ a). (530) 

4. Intej^ate cos. (A z -{- a). 

Am. iBiD.{kx + a). (531) 

6. IntegTBle tang. iz. Ans. — ilog. coa. k x. (533) 

6. Integrate cot kx. Ans. ilog. rin. tx. (533) 

7. Integrate sec. it z. Ans. Alog- . ■ ' ■ -• (524) 

8. Integrate cosec. it z. ^>u. 4 log. tang. ^ it x. (535) 

9. lalegrate e"'sjn. itx. (526) 
SQlution. The substitution of (514) in (526), gives by (464), 

/e"«in. ft*=— /<*»^-' Sio. Ay 

_ _..,_, q\/— ISin.ty — t Cos. fey 

-~ -("■•+'") 

>«D. itz — kc(m.kx ,_-.. 



«» + A« 
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TrigoDomatric definite integrals. 

10. Integrate f" coa. * t. 

11. Integrate «"*^*« COB. tx. ^n*. Ae"^**. (529) 

12. Integrate <•"•■** ain. it z. Am. —»»«••«*•**. (530) 

70. Corollary. The differential coefficients of (516 -53), 
527, 528), with refeience to tn, ft, and a, give 

yi sin." it z . COS. i z . log. Bin. it z 

= I log. .in. i I ^ r , ,,' , (531) 

/ eoB-^kx, Bin. it z. log. coa. A; z 

y:.co..(i.+a)=-<I.j.i»o..(iz + o) (53S) 

= lco=.(*. + .) + |.iD.(t. + o), 

(— i)-y:iJ-.iii. (*« + «)=— ^,;. }co«.(t«+<i), (534) 

(— l)-/«»-Hcoi.(ii+<i)=;— <i;.rf'.tcoi.(4i + a), (685) 
{-lyfj- oos. (t X + o) = <?.;.» .In. (t. + a), (636) 
(—1)- /«'*<"'''»■(*■+")=—'?..■*"'•* "■"•('» + "); (531) 
. . . cisin. iz — Jbcos. £z 

/.ZC"flin. AZ=rf. a.e" J— ; r- 

,./ 2a \a8in./:z-£cos.iz , ."ain.tz „. 
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TrigoDomeliio definite iategrale. 

/^^.i..t.= ^„.^- "";;-^^°°--'' , (539, 

/^^co.t.= ,t,..^- °"'- *: + ';"■" . (640) 

71. Problem. Find the value of the definite integral 

fJ'a..{mx'-\-n)e—'*+'ms.kx. (641) 

Solution. The subatitutioa of k»/— 1 fbr A in eiamtde 4 
of ^ 67, gireB for the valae of (541) 






(542) 



73. ExAMPtBS. 

1. Find the ralue of the definite integral 
/_•..*<-<••■+') sin.A«. 

% Find (he values of the definite integrals 
/_-..ie-(''»+')co«.ftr, 
«nd /_V (Mxa + fi)<-(«««+Osin.ti. 

^nt. 0. (544) 
3. Find the value of the definite integral 

/J.e— *ain. ti, (546) 

in which a is positive. 
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TrigODometrio deinilB inl^rab. 

Solution. EqaatiOQ (fit?) gnm, for the ralue of this integrd, 

4. Find the rilae of the definite integial 

y^.r— co^Ax. ^«,. _f_. (H7) 

73. Problem. Find the value of the definite integral 

y]* •+ *) '^ . Bin." X . COB.' », (S48) 
ID vhich m, n, and p are positire integers. 
Solution. The sobstitotien in (548) of 

■in. z = y, X =1 Bin.C-i] y ; (549) 

whence com= (1— y«)* <l..^« = (l— y»)~*j (550) 

snd when x = 0, y = 0; (SSI) 

x = (2i> + ))^, y=i; (553) 

pna tat the value of (548) r 

which mej be found by ^ 44. 

74. ExAMPtBS. 

1. Find the Tdne of the definite intends 
when IS IB an integer. 
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vbea m is CTon, it is ■ ^ — ^ — (2 n -{- J) «. (555) 

2. Find the ralue of the definite iclegral 

/^^"'^^Keio.x.cos.x. (556) 

Ans. 1. 

3. Find the Talue of (54S), when m and p are both even. 

^- '%°:4";:.'.'.'^.'(t+', 'r^'p'-+»""^'> 

4. Find the ralue of (54S), when nt ia even and p odd, 
...(m— l)xa.4.6.., 
1.3.5 (n» + 

5. Find the value of (548) when in is odd, and p even. 

2.4 6....(«-l)xl.3.5....(p-l) 
'*"■■ .1.3.5 (»+rt ■ 

-A- ^" '"-" - (559) 



L35...(»._l)X2.4.6,...(p-.I) 
1.3.5 (» + !>) 



(p+'l)(? + 3)--.(''+J')' 
6> Find the value of (54S), when m and p are both odd. 

a.4.6...(»-i)xa.46...(p-i) 

'""■ 2.4.6 (»+S ' ' ' 

01 the same with the second answers in (55S and 559). 
11 
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Trigonometric definite iotegrtli. 

75. Problem. To find the value of the definite iule- 
gral 

I . sin."* X coa.' x, 
in which m, n, and p are positive integers. 

Solution. The redaction ma; be made in this cue, precise- 
ly BB in <§ 73, it being observed that when 

1 = 0, or =1inn. y =0. (561) 

By this means, tbe integral, nben either m or j> la odd, is 
zero ; but, when m and p are both even, it ia 



1-3-5 {>»-l)X I,35.-(p-l) 

2.4.0 {m + p) 



(562) 



(563) 



76. Examples. 
1. Find the values of the definite integrals 

/. ■^•■•' 
when m is even. 

4. Find the value of the definite integral 
/ . Bin. Ax. COS. iz, 
when k and k are integers. Ans. 0. (664) 
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TrigoooiDelTic deGnite integral! . 
3. Find the ralues of the definite int^rala 
f . COS. h X . COS. k %, 

when A and & are integers. 

Am. It is zero, unless \=^lc, 
in which case, it b n ". 
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Unglh ol' lbs iro of ■ curve. 



CHAPTER VI. 



RECTIFICATION OF CURVES. 

77. Problem. To find the length of an arc of a 
given curve. 

Solution, Its denotes the required arc, its length is readily 
found by aacenaining the value of its difiereutial coefficieDt, 
and in leg rati Dg it. 

Thus if we adopt the notation recently introduced by some 
of the most eminent mathematiciatia, and denote the difieren- 
tial coefficient by the capital letter D, and denote by a small 
letter annexed to D or /, the corresponding independent vati^ 
able, we ha»e by (570-582 of ?ol. 1), 

!=f.Ds=f,^ [I + (i>.y2) =/,. aec. r =/,. cosec* 

=/, . Bee. • =/ ,p . r cosec. >. (566) 

76- CoTollary. The arbitrary constant, which ia to be 
added to complete each of these integrals, correspondB to tbe 
iadetermlnateness of the point at which the Aieasured arc 
may commence. The condition, by which this point may •» 
determined, will be sufBclent to determine the value of tbe 
arbitrary constant; or to eliminate it and reduce the result l" 
the form of a definite integral. Thus, if the length of thfl 
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Arc of hyperbola and ejcloid. 

arc is required, which extends from the vilue o{ x^ to that of 
Xj, it a evident]; represented by the definite integral 



1. Find the length of the arc of the curve of which the 
equation is 

Solution. In this case, we hare 

■»? = }(«■-«—), 

= i {•■ + '-)' 
D, =}(,. + ,-.) 

.=J(.--'-), 
in which the length of the curve vanishes with z ^ 0. 

2. Find the length of the arc of the parabola whose equa- 
tion is y" _ 3 p j_ 

counted from the vertex. (568) 

Ans. sv(2p^^-4x«)+5plog£^/^l^-^-^\^-^^*J. 

3. Find the length of the cycloid from equations (ISO, 131, 
of vol. I), the arc being supposed to commence with x. 

Ans. 4 ii (I — cos. J fl) = 8 B sin.a \ (,, (5®) 

and the whole length of a branch is 8 A, corresponding to 

« = a jv. (570) 
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4. Find the length of the hrperbolic spiral, the arc being 
supposed to commence with v -^ 9f (571) 

5. Find the length of the logarithmic spiral, the aic being 
supposed to commence with r. 

An,. r»c..=rV(l+^). (572) 

The elliptic and hyperbolic arcs possess some peculiar prop- 
erties, which deserve particular investigation. 

79. Theorem. The two tangents, which are drawn 
from a given point to a given ellipse or hyperbola, make 
equal angles with the two lines which are drawn from 
the same point to the two foci. 

Thus the two tangents P T and P T' (figs. 1,3,3), make 
equal angles with the lines P/" and PjP' drawn to the foci; 
(hat is, the angles FP T and F' F 7" are equal. 

Proof. Each of the two tangents P 2" and P T' is, by ei- 
amples 2 and 3 of ^ 131 of vol. I, equally inclined to lbs 
lines drawn from the foci F T and F' T, or F' T'mA FT, 
so that the angles 

FTl = F'TP , and FT' P = F' T't'. 

If then the triangles F TP and F' T' P are turned over, 
around the sides TP and T' P, which remain stationary, » 
as 10 fall into the positions TPS and T' P S', the point* 
iSftndS'' will be in the lines TF' and 7" P produced if neces- 
sary. The triangles PSF' and PS'F are, then, equal; 
for the sides P S = P F. 

PF'~PS'; 
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EUiplic and hjperbolio arci. 

snd the side F' S = F3', because each of these two lines 
is equal to the transverse axis, since in (fig. 1) each is the snm 
of the two lines F T and J" T, or of the two F T' and F' T'; 
while in (figs. 2 aud 3) each is the difference of the same two 
lines. The anglesiS' J" J" and FPS' are consequently equal. 
If the angle FP F' is subtracted from each of these angles 
(Gg. 1), or added to each of them (fig. 2), or diminished bj 
each of them (fig.3) ; the resulting angles SP F and S'PF' 
(figs. 1 and 3), or the excess of 360° over S F F and S' P F' 
{fig. 2) are equal. Hence F P T and F' P T', which are 
Ihehahesof SPF and «'P/", are equal,, - >. 

80. Corollary. If an ellipse (fig. 1) or an hyperbola (hgs. 
2, and 3) be drawn with the points F aod F' for foci, and 
passing through the point P, the tangent to this new cutre at 
the point P will be equ.illy inclined to the two lines P F anA 
PF'; and, therefore, it will also be equally inclined to the 
two tangents 7'P and T' P. 

81. Theorem. Jf from any point of the ellipse PP' 
(fig. 1), or of the hyperbola P P' (fig. 2), which has 
the points F P' for its foci, tangents are dravm to the 
ellipse T T' or hyperbola T T' which has the same foci, 
the sttm. of the tangents P T and P 7" exceeds the in- 
cluded arc T T' by a constant quantity ; that is, by a 
quantity which is the same, from whatever point of the 
first ellipse or hyperbola the tangents be drawn. 

Proof. Let tangents p t", pt" be drawn from a second 
point J) infinitely near P. The tangent pt" exceeds P T by 
the projection of Pp upon P T diminished by the arc TV, 
or 

^ C = P r + P P' COS. TPS—TV. r 
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Elliptic Bod hjpetbolic arci. 

In the same way, 

pl>=PT'~PP' coa. T'PS'+T'f, 
— PT' — PP* COS. TPS-\-T'tf; 
wheace 

pV'^pt! — PT-\-P T' -{-{T'i'— Tf). 
But ("('= TT-+{T'f— Tf); 

and, therefore, 

{pf" + pf) — t"t' = (PT + PT')-~ tt: 

The exceea of the sum of the tangents oTer the indaded 
arc does not, then, increase by moving the point P a bidbU 
dielance upon the curve, in which it is situated ; and conse- 
quently this excess must be a constant quantity. 

82. Corollary. Had an hyperbola P Q (iig. I), or aa 
ellipse P Q (fig. 2), been drawn, with the foci F and F', it 
might easily have been shown in the same way, that the excess 
of the diOerence of the tangents P S' and P T' over the dif- 
ference of the arcs Q T and Q T' was constant. But as the 
point P, in moving along the curve P Q, approaches Q, the 
tangents and arcs decrease, and finally vanish when P coiiH 
cides with Q. At the point Q, therefore, the excess of the 
difference of the tangents over the difierence of the arcs ia 
nothing, and therefore this excess is nothing for every point of 
Uie curve P Q. 

Hence, if from any point P of the hyperbola P Q 
(fig. 1), or of the ellipse P Q (f^. 2), which has the 
points F and F' for its fod, tangents are drawn to 
the ellipse T T' (fg. 1), or to the hyperbola T T' 
(fig. 2), which has the same foci, the difference of the 
tangents P T and P T' is equal to the difference of the 
arcs qTand q T'. 
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BECT17ICAT10H Or CURTES. 



ElJipIic 



83. Corollary. If the exeesa of the earn of the tangenia 
P r and J* 2" o?er the arc TT'u denoted by 3 E, the two 
preceding theorems give 

P r + P r ' = Q T + Q T' + 2 £ 
PT' — PT= Q T' — Q T; 



wheoce 



PT=QT+E 
PT=QT-\- E. 



(573) 



84. Corollary. Upon thetraoBverse anis vl^'(fig. 4) of the 
ellipse, describe the BemlcltcamCeieBce AL L'A', draw the 
ordinates L TM and i' T' M', and join O L, O L', O being 
the common centre of the ellipse and circle. Let, if OS is 
the semicoDJugate axia. 



- (574) 



«e hive, b; section 163 of vd. I, and by the triangles LOB, 

iJOB, 

i=d sin. », x' = A' sin. f', (575) 

S=^.z = ^. ^coB.»=zBco». », ^-=3 COS. 9*; (576) 



<f = LOB, 


,' = L'OB 


A=OA , 


B = OB, 


x=OJf , 


xi=OM', 


S = MT , 


3' = M' T', 


t = ML , 


j = M' l; 


= BT 


t! =:BT\ 
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Elliplio iutegrml of ibe lecond order. 

SDd, b; difibrentialion, letting v be the indepeDdeQt TariaUe, 
Dx= A C08, V, Dy := B ein. <f. (577) 

U »a _, ja COS." 9 + B^ sin.*" v 

= .^"(1— «asm.s?), (578) 

Ds=A^{l—e'>8UiJ'-p); (579) 

j=/^ V(l— """n.af). (580) 

This integral ia one of a class which are called tlKplic intf 
grab. There aie three integrals in this class, and the preseot 
one is said to be of the second order. The folJowing notation 
has been universally adopted. 

^ (< y) = V (' — "^ «"■" f') (SSI) 

or the J may be used without the e 9, when there is no danger 
of confuaion, 



■f^Jo ' 



" E.(ef)=J] ^ (ef). (583) 

Hence s ^ A E . q,. (584) 

85. Corollary. Let the two tangents £ R and L' R, drawn 
to the circle at the points L and L', meet at R. By reducing 
all theordinates of ihe circle in the ratio of fi to^, the circle 
is changed into the ellipse. By the same system of reduction, 
the lines ii £ and JI// will be changed into other atraigbt 
lines P T and P T', and these will be tangent to the ellipse, 
because the points T and 7" are the only ones whose ordinate 
will be as small as the corresponding ordinates of the ellipse. 
By joining Oil, the right ui angles ORL, ORI/,uti 
ORN gife 
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0N= OB co,.« ojy= ^ "°* /' + JQ-, 

COS. i it—v') 
K iV= O Ji .in. fl o iv= li5!_L(iL+Il) , 

COB. i [v — <t) 
a COS. J (tp — ic') 



(597) 



The condition that the point P is upon an ellipse or an 
hyperbola, as in fig. 1, of which the semiazea are A' and B', 
gi»es, by putting 

where the upper sign corresponds to the ellipse and the lower 

lo the hyperbola, the equation 

...in.- }(■> + >-) , tc»« }(> + >' )_ , ,589, 

COS.^ ^ (V — ■9^) C0S.3 ^ {¥ — Ip') ' 

or 

a sin.9 i (9- + fO-H "OS-" 4 (*+¥')=<=■»■' 4 (?'—<("). (580) 
aod 

a— a COS. (v+<p')+H* <=03. {9'+'P')= 1+008. {v—f'), (591) 
o-f 6 — 1 = (a — 6) COS. (9 + s") + COS. (.p — /) 

=(a-&-^l) C0S.7C0S. 4''+(&-a+l) sin. fem.f'. (592) 

If the point P were taken so that T' coincided with B, 
<f' would be zero, and if the corresponding value of t is de- 
noted by Iff, , (592) gives 

a+6-_l — (a_j+l)cos. vo; (593) 
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Elliptic iDlegral of the MCODd order. 

which, substituted in (693), divided by a — b-{-l,gins 

COS. »„ = COB. V COS. <r' + "^^ Jl Bin. <p an. f'. (594) 

But the conditiOD that the given ellipse has the ume foci 
with the curve in which P is situated, gives 

^B_Ba = A'^^=B'^=——-^. (595) 



-(-:-)=-a-')' 



But, b; (5d3), 

■ . . /«+ft— IX" 4 a (1—6) ,.„, 

.m.-,. = l-(^— )=pL_^ (5J,) 

... 4(0 — 6) 

^ (t-a+l)- , i-^+l . ,598, 

which, Bubstituted in (594), gives 

cos. If (, ^ COS. tf COS. y' ± sin. ^ sin, / .</ . Vq, (5W) 
Jnd (Ais equation of condition is the same, with the coik- 
dition that the point P of jig. 1 is upon an ellipse «" 
hyperbola having the same foci with the given ellipse, 
the upper sign of (599) corresponding to the eUipse\ 
and the lower to the hyperbola. 

86. Corollary. If a spherical triangle (fig. 6) be drawn, oC 
which the sides are <p, v' and ip^ , and the opposite angles 
fl< ^'i ^0 ' *^ ''**^ ^y {^^) ^^ Spherical Trigonomelrf, 
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Elliptio iategral of tbs lacond ordar. 



- COS. . COB. a 



wheDceby (599), 



Hence 



COS. ig = ± ■^ IPo . 



*sin. 9,, =\/{l — COB." *o) = 
and therefore 



BID. t. 



■in. t 



m.f 



This equation gives 
^v=^{l—f!' Bin.a T)=v/(l-sin.' 0)= IF COB. 
^v'=^/{l—e' 8in.= T')= \/(l— sin.a fl')= cm. ' 

The U[^T aigna in (601) and (605) conespond to 
the case in which the curve is an ellipse, and the 
loner to the case in which it ia an hyperbola. The 
signs in (605 and 606) are derived from the consid- 
eration that when v' is zero, ? ia equal to fi^ ; bat 
when 9 ia zero, we have, by using the signs aa be- 
fore, 

y' ± To = 0. 

87. Ca-aUary. If we make (iig. 4) 
t = PT, t' = PT', 
yj, ■= the inclination of i' 7 to the axis A A' 
^' = the inclination of P T' \a A A'. 
The indinatioB of Zi iS to ..4 .il' is r, and that oi U R 

MN ==. LR DOS. <f ^ A cos. t tan. i {<f 
W N = L' R cot. !('=: A cos. »>' tan. 
12 



(600) 
(601) 

(«tt) 
(608) 

(604) 

. {«6) 
. (606) 



■Hv-v') I 

i.i(9-,') S 



(608) 



is 9'; 
(610) 



l;,GOOt^l>J 



IHTEORU. CU.CCLDS. [b. V. CH.n. 

Elliplio intagral of (he lecond order. 

coa. y 



(611) 
(612) 



C06.V 

M'lf ^ 
■ cos.^' 

But the constraction of TP gives 

tan. V = "i tan. if, tan, V* = -; '>">■ *' ; (6") 
whence 

^=v(i+.„."»)=v(i+5;-u... ,) 

^:v'(l-|-'>''-''' — «"tan." <f)^it/(eec.^ V — e" tan.'j 
=Bec. v V (I—*' ain-' '') = sec. * -^ . ,, (6U) 
^ 7 Bee. « cos, d. 

In the same way, 

COS. V' '~ COS. y* ~ COS. f ' ^ ' 

which, Bubstiluted in (611 and 612), give 
( =A tan. j {<f~>^) J t=.-^A tan. i-(y — 9') coa. a (616) 
C=il tan, J (f— t') ,^9'= il tan. J (91 — 9') cos. a'. (617) 

88. CoroOary. When ,' is zero, (616 and 617) become 

<o = ± '»"■ i *o CM- *o (fil8) 

1; = ^ Un. i To- {«19) 

89. CoroUaiy. If the semicircle j4 iZ ^' vrith its tangenU 
RLot RL' were turned round A ^' as an axis, so as to be 
brought above the plane of the ellipse, until the angle whid 
the two planes made with each other were one, whose GorinB 
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wu equal to the qaotieat of B divided bj A, the eliipM and 
its tangents would e?identlj be Ibe projections of the circle 
and its tangents. The angles which t and t' made with tbe 
tangents to the circle of which tbej were the projections, 
would evidently from (616 and 617) be i and A'. ' A consid- 
eration of the Bpherical right triangles formed at tbe points of 
meeting S and S' of the tangents, would lead anew to the 
same equations which we have already obtained. 

90. Corollary. The equations (616 and 617) give, by using 
the signs as in (607), 

if ± t=A tan. ^ (y— ■p') (cos. * — cos. i) 

=3 .4 tan, J (9— v") «n. ^ (*+«) sin. ^ (a— s'). (ffiW) 
But by (360) of Trigonometry, and fig. 5, 
nn. } (S'-fJ) : sin. i («^*)=tan. J V^ : tan. J (?)—«»/), ( 
or sm.i(fl'-p)tan.J(9.— v')=sin.i(i— 4')t8n.iv^; ( 
which, substituted in (620), gives 

e ±t = ^A tan. ^ 9, Bin,« J («—*') 

= .4 Un. 1 Vo [I— cos. («— fl')]- I 

In the same way, 

ti ± 'o = ^ tan. 1 ?i„ (I + cos. *o). 1 

Hence 

'o— ''i ('o— ') = -4 tan. Jto [coa. (*—*') + cos. a,]. ( 
Bat by (319) of Trigonometry, 
COS. do = — COS. (S — A*) -|- 2 sin. a sin. If cob.^ } 9^ , 
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Sum of elliptic integnlj of the aecoad order. 

which, eubstitated in (635), gires bj means of (604), 
t^—f ± (((, — () =i2 A tan. i ip^ coa." J <p^ sin. S sin. jf 
= A sin. 7g sin. t sin. ^' 
:^At^ sin. v^ sin. 9 sin. <f/. (607) 

01. Corollary. If I^^ (Gg. 1) is the point for which 9 be- 
comes f g, we have 

AE<p=TB—s, 1 

AE<^=T-B=.- 1 

^£9>,= Q£=:s,. J 

When the point P at which the tangents meet are eitaated 
upon the aecoadarj ellipse, we have 

TT'=iS — s'; (629) 

and because the excess of the sam of the tangents over the 
included arc is constant, 

t+f-(s-s') = t, + t;~.^i 

Of s„ -J + «' = („ + („•—(( + f)- (6M) 

Hence, by {627 and 698), 

E<ff,-\-E<t/ — Eq> =:^aia.v^ sin. ^ sin. v, (631) 
in which <f„, 9' and 91 are subject to the condiUon (599), 
identical with one of the following conditions, easily deduced 
from the spherical triangle of iig. 5, by means of (606) and 
(600) ; 

COS. 9 =z COS. q>^ COS. f/ — sin. qo^ sin. <^ Atf, (63S) 
cos. qf c= coa. 9q cos. ip -|~ sin. f^ sin. ^ J qf. (633) 
Bui if the point P is situated upon the hyperbola, we hsTe 
Q r=s-». . , Q r'=z5,— ,', Q r,=sa— J. ; (634) 
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and because tbe eiceas of the diSerence of the tangents otci 
the difference of the arcs counted from Q is constant, 
(' — ( + j — 2j, + »'=(; — *o+*o— 8 J,, 

s + s'—s^ = tl—U — t'+t. («35) 

Hence, by (637 and 628), 

Ev + Eg,'~E% = ff' sin. ^ sin. y' sin. 9-, , (636) 
in which <p, ip' and ip, are subject to the condition (599), which 
ia identical with (633), ot with the following condition ; 

coa. V ^ COB. ft COS. y + sin. v' ^ 9. (637) 

92. CoToUaTy. The proposition contained in (636) is, evi- 
dentJy, the same with that of (631). It follows, therefore, that 
the point of meeting of the tangents drawn at the extremities 
(rf the arc sg — j of (635) is upon an ellipse, which passes 
through the point of meeting of the tangents drawn to the 
extremities of the arc s', and which has the same foci with the 
given ellipse ; the same ma; be inferred with regard to the 
tangents drawn through the extremities of the arcs So — s' and 
s of (635). It follows, in the same way, that the point of 
meeting of the tangents drawn at the extremities of the arc 
ig — »' of (630), is upon the hyperbola which passes through 
the point of meeting of the tangents drawn at the extremities 
of the arc s, and which has the same foci with the given 
eUipse. 

93. Corollarif. When the points T and 7" coincide at the 
point Q, (636) gives 

2 £ IP, = gS sin.s ,,, sin. %-\- E 9,. (638) 

94. Corollary. The supplements of the angles n — a, n — 6', 
n — ^D of the triangle of fig. 5, may be the sides of a ^herical 
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Iriuigle, of which, n — f, n^f/, »^^ are iho oj^MMile 
angles. In this case, since 
sin. ('T — #)^Btn. A and cos. (t_JJ^ — cob. S, &c. (639) 
and 

e sin. i sin. 6' sin. "g ^ ' 

wfi have, by putting 

J:6==J.Q.e\ = v(l — -^ lin.a A. (641) 

E'.e —f^A'.e,; (642) 



^ e sin. V sin. f' sin. 9", (6^) 
But since the differentiation of 







e sin. <p = sm. a 




gires 


Z>,« 


e COS. V _ « COS. 9 

COS. fl J .V ' 


(615) 


we have 


E'. 


<=/:-■•=/:■-- 








./• J, . ■ 


(646) 



We have also, by (581), 

coa.a 9. = 1 — ain.a ^ = 1 _i- + ^ (.* f)', (647) 
which, substituted in (646), gives 

^ ' . 1 — e* /•* 1 , 1 /•'' 

C3.ifKi:,C00^k 
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Similar eqaatioQS may be found for E' 6' and E' t^, all of 
which, Bubslituted in (643), give 

~ ~^LJ ^» "V ^ "^J ^J 

-\ — (E . 9-\-E . If' — E . ¥„)=« sin. <p sin. »' sin. v" ; (849) 
whence, by (636), 

95. Corollary. The integral 

is the elliptic integral of the first land, and is denoted 
by F . (p, that is, 

''■'=fl^, " •^('•'>=/^-(!:7)<'»^> 

Hence, by (650), 

F.9-^F.^' — F.v, = 0, (653) 

where <p, 9' and Vo are subjected to the same conditions as 
in (636). 

96. Corollary. In the same way in which <f is connected 
with f" by means ot the construction of fig. I, in which P is 
upon the ellipse, giving by (653 and 631) the equation 

F.v^F.i^ + F.^, (654) 

otbei points, v", t'", &c. might he found, such that 
F<t/ = F.<f" -^ F. <p, 
F. f" = F. g/" + J*. ¥, , &c ! (655) 
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Elliptic integral of first order. 

whence F.y = F<f" +i F.r, 

= F.^"-\-3F.ii>, 

= F.v, + 7tF.v«; (656) 

or F.q, — F<t; = tt{F.<p — Fq>'). (657) 

0^ Corollary. If in equation (656) f, raniabes, (656) be- 
comes F.q> = n . F<Pa, (618) 
and it is obviously easy to obtain a geometrical coast ruction of 
the corresponding coniiition between q> and 9?^ , by taiiiog 
aeveral successive tangents, B TP, PT'P', &c. as in (Sg. 5), 
and the pointa P, P', P", &c,, correspond to y, <f>', <j/', &C 
The tangents might also be drawn to the circle, from the sac- 
cesaive points R, R', R", &o., of ihe ellipse, of which the 

semiaxes are A' and j^_£. A simiiar construction, in whicli 
B 

the aeries of tangenls does not commence with B, would sat- 
isfy the conditions of (606 and 657.) 

98. Corollary. The value of 9 for the arc B T (fig. 4) ii 
equal to the angle which the corresponding tangent ZiSI to 
the circle makes with the transverse axis A A'. Denote 
hy X ^^^ angle which the tangent ST io the ellipse makes 
with the conjugate axis, so that 

^=^^ — ^.. (659) 

When the plane of the circle is elevated above that of tbe 
ellipse, the spherical right triangle formed about S for the 
centre of the sphere, has <p for its hypolhenuse, and 3 and f for 
its legB. It is represented by (fig. 6), and if a is the angle 
opposite to 6, and r the angle opposite to r, we have 
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COB. B = -j-= V(l — **) =coB.a8in. »= cot. y cot.V (660) 

Bin. « = (, (661) 



These equations give by the differentiation of (660), bj 
representing by J", the value of F corresponding to a right 
sngle, and observing that when rp is zero, t is also zero, and 
V a right angle ; but that when 9 is a right angle, t is also a 
right angle, and V is zero, 

j{e.9) = cos.i = ^^ , (664) 

coff. » flin.s <p 
D^.<p= ^.9^-- • (W5) 

D^, . If sin. r sin.'' ip Bin. ^ 1 

j{t.f) ~~ coa.** V COS. V ~ Bin, , 



V(l— COS."*) VC-e^sin-V) Ae-'f) ' 

=, /•* "^_^ r* "^^ _ /"^ ^_ 

•/ V **(< ■ v) t' ■rfC* ■ v) •/ • 4«-v) 
= J*!— J'(«.V); (667) 

so that i^vand Fv are two functions whose sum is 
the function J^i which is called the complete integral, 
and the two functions are called complementary with 
regard to each other, as well as the angles V audv, upon 
vhich they depend. 

C3.ifKi:,C00^k 
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TraniforniBlioD of elliptic integrali. 

99. Corollary. The three angles V, v^ and '''o, which 
correspond to % ¥' and ^o > satisfy the equation, equint- 
lent to (653), 

F.^ + F.y/ — F.^a = 0, . (668) 

when they are subject to the condition^ equivalent to (599), 

COB. Vo =C09.V cos. v' — sin. v sia. V^ ^V^- (669) 

100. CoroUwy. Denote by 2jtr the angle, which FT 
(fig. 1) makes with the iraDsverse asis. The angle, which 
F T makes with the tangeai, is 

j„ + V_2jr = J" — (3ir-V). (870) 

The projection of f T upon the tangent is, therefore, 

JTXsin. (2;r-V.), (671) 

while that of F' T upon the same tangent is 

/"rxsin. (2^— V); (672) 

the sum of which is 

(FT-JfF'T) am. (2.r — V) = Basin. (3z — V). (673) 
But this is the projection of FF' =^2 at upon the aane tan- 
gent, which is 2<iesin. V; (671) 
and therefore, we have the equation 

sin. (2 J- — V) = e sin. V ; (675) 

. whence, hy (663), 

2jr — V = 5» — •. (676) 

The equation (675) gives by putting 

^:> = ^ (.",»), (618) 

P"i,= F(e",f); (67«) 
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.in.2z 


1 

'COB.V" 
--(.) = 

(2;,- 


v((!+l)'-2..in.'i) 
- , + oos.2jr - 


(•+1 
-,+co 

. X 
,2z 


(680) 


^v= 


e+coa.2jr 
2 COS. 


%.'ix' 
(681) 

(682) 


D,.* 


coi (2z- 


-♦) + . 
2 


ecoa. V' 

2(.+i)y 


'v 


c<».(3jr- 
. 2<« + 




=o..» l+<?+2,co.. 





J-,-/"'_!_-/''5^JL?l = 

101. CoroUary. If jr, jr', Jr^ correspond to V, V*, Vo , we 
have the eqaation 

f:' X + F" z' — F" x„ — 0, (685) 

with the condition that 

cos.^=:coa.^co3. z* — sin.zsin. y^'zo. (686) 

103. Corollary. In the same way in which F' x is ob- 
tained from Fv, another function F" x i might be obtained 
fn»n F' X, and so on, antil a series was obtained ia which the 
Talaes of e, e", e"', &c. form a series of eccentricities, in which 
each differs less and less from unity. It may be shown that 
e" di&TB from unity less than t does, for (677) zives 

(689) 

i-« -(i+^/.)»(i-H)-(i+v«)'(i+.)*'^'' 
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Hullipliotion of ellipUc iniagrtl*. 

Id which the factoT of I — e ia eTideotly less than uaitj, 
and decreases rapidly viih ibe decrease of 1 — c The *altt 
of F. <p may therefore be made to depend upon a valae of 
P= (e, . q>»), in which e. differs from unity by as small i 
quautity as we please, asd we ha*e 

(690) 

•^•''=,5(^7C?rfj ''<'■'■■>= J? '^'"" '■' ^(•-♦■)' 

103. Corollary. In the same way F{e<r), by reversing the 
above ftoQCBs, may be made lo depend upoo the value <^ 
F (e, 9,), in which e, is as small as we please. In this case 
e" may be found from e by reversing the accents in (677) and 
solving the equation with regard to e", which gives 



104. Corollary. If we put in (677) 
s=tan.^^ 



105. Corollary. We have by (( 
COS. u, — e J* 



(603) 



(694) 



« + cos.2j'= ^-^^^'^^=(-/V+ecos.v)c<w.V (695) 



wi .-C fr-f J,, n .. /*» i(«+l)(^'.r)' 

^■'~Jo " '-J o-"-''*'=J »■ — rv— 

C3.lfKl:,C00^k 



.^ 106.] otRCCLAB rtmcTiONB. 145 
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/V (^y+'CO'-v)' _ /•* 2(^»)H-2gcoa.yrfv.-(l-«' ) 
2il+e)'f^-J 2(IH-e)^V 

/* -* V /•■/■ 1 — e rf»V < COS. V 

which ma; serve to deduce the value of £ (e . v) from those 
of E . (e. V,), in whi^h e. is very Bm&ll, or differs but little 
Irom unity. * 

106. Corollary. Potential functions may be applied to the 
hyperbola »ery nearly in the same way in which circular func- 
tions have been applied to the ellipse. Thus if we put 

A Cos. <f = x, B Sin. <f = y, (697) 

z and y are the coordinates of the hyperbola, of which the 
equation is 

(£y-(-|y = :. ,e^, 

The length of the hyperbolic arc is, by putting 

If we let 

r(e») = ^/{l + e=Sin.S9) (700) 

a(e'P)=/V(«*). (701) 

we ha»e s = B g- (tf)- (702) 

107, Corollary. The condition that the point of contact in . 
(lig. 2) is upon another hyperbola which has the same foci with 
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the given hyperbola, is expressed algebnicallj t^ the equa- 
tion 

C3o8. <p^ =. Cos. <p Cos. <f/ — Sia. ip Sin. v'-r »o » (703) 
and corresponds to the equation 

a ?'+ S'P — S9a='^ Sin. 9, Sin. go Sin. y*. (704) 
in which fi', 91^ , <p, correspond respectively to the last and first 
points of the hyperbolic arch included by the two tangents, and 
to the last point of the arc of nhich the first point ia the ver- 
tex. 

108. Corollary. In the same way, if we put 

^'=/:^' (^ 

we have, with the condition (703), the equation 

J- »' + J ¥ — J ''. = 0. (706) 

109. Corollary. When e was changed into its reciprocal 
in ^04, it became greater than nnity, and ceased, therefore, 
to correspond to an ellipse. It may easily be shown that, in 
this case, however, the transverse axis and the angle 7 become 
imaginary of the form A t/ — 1 and q> ij — 1 ; so that the ellipse 
changes into the hyperbola, of which R is the transverse axis, 
and A the conjugate axis; and the circular change into po- 
tential functions. This case is, therefore, the same as the one 
just investigated, and it may be remarked, that the equilateral 
hyperbola takes the place of the circle. 

110. Corollary. If d ia determined by the condition that 

COS. * = Tan. <p, (707) 
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Length of hyperbolic arch. 

we have sin. i = ^ , cot, ^ =: Sin. <p; (709) 

whence Dg.gr := — cosec. i 

F.v = ^ (1+ea col.3fl) = '^^' ^. " - {709) 

= e cosec. fl 'i . (e"'. 6), (7l0) 

if <"'=^'!!jri. (711) 

Hen^e 

/<p I_ _ /*i t -Pa y 

111. Corollary. Let » be so t&ken that 

Sin. ¥ = - tan. 0. ; (713) 

and we have, by putting 

«' = V(l--^), (714) 

(716) 



COS. w 
Dm. <f = 



(717) 
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Length of Iha hyperbolic arch. 
Hence the leagth of the ue of the hyperbola ta 

_B po 1 

^B /*" ^ - _i_ ^ i*" Bin." B 
~ 7 J J' - ''" 7 J cos.a « ^ « 

_ ■? F" „ 4. ^ /^ (l-*^')''"'- 

(718} 

But, we have, 
^..+ ''^'')"° -i-=£l^+r!l^"'-y-1l.„... 

^ ^01 COB."™ ' L J'B J 



= />.(i«D.'« •"<"); (719) 

which, Bubstituted in (71S), gives 

s= - J". B — B «£'•' + B« tan. », ^" 
= V(.A»+B=)[^ — E'- + Un.« i'„]. (720) 

C3.ifKi:,C00^k 
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113. EXAMPLKS.* 

1. Prove that the tangent let fill from the ceatra of the 
hyperbola upon the tangent is in the notation of ^ 111. 

B e tan. - -"" = V (.!'' + B') Un. <" ^'« (721) 

S. Prove that if e" and z are bo taken that 

Bin. (2^— »)=e'Bin. -, (733) 

the length of the are of the hjperhola in 
5=v'(^"+B')[£'-«-2(l+e')£".t+2<'Bin.z+tan.« j'^]. (734) 

113. Definition. A curve of double curvature is a 
curve all the parts of which do not lie in the same 
plane. 

114. Problem. To find the length of an arc of a 
curve of double ctan>ature. 

Solution. Since the length of an infiniteaimal arc of the 
ciure is eqnal to the distance apart of the two bfinilel; near 
points ^,y,z and x-\-dx, y-\-dy, x-^-dz; or, algebrai- 
cally, 

d,=»/{dx^-\.dy'^-\-dz'); (725) 

the length of an arc is 

s=f^{Dx'-\-D3'-\-Dz»). (726) 

*The examples will not heTsaftet be lirictl; eanfiDed to die sabject 
of tbe chapter, bnt vill ezMod to any exereiiet fuggeited by tba in- 
VMtigationa in Ihe chapter. 
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115. Examples. 

1. To find the length of an arc of the helix. 

Solution. Tbe helix is a curve formed b; a string wrapped 
round a cylinder in such a way as to make a conatant an^e 
with the side of the cylinder. Hence, if tbe plane of xy is 
that of the base of the cylinder, if the centre of tbe base is 
the origin of coordinates, and if 

e = radios of the base of the cylinder ^ 

tf = the angle which Fhe projection of radius vec- t 

tor on the plane of xy makes with the { .__. 

axis of X, ^ f ^™' 

o = the angle which the string makes with tbe 

side of the cylinder, J 

the equations of the helix are 

X = p cos, V, y = c sin. (j, z = e ? cot, a. (728) 



<=/JjV(l+«>t.a<.) 



2. To find the length of the arc of the curre fermed by 
winding a string round a solid of revolution, in such a way u 
to make a conBlant angle with the meridional arc of the aui' 
face. The meridional are of a surface of revolution is tlie 
intersection of the surface with a plane passing through tbe 
axis of revolution. 
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A»s. With the noUtion of the precediog example, the 
length of the uc is 

j = Beca/. .V['+(-D. P)']-''8ec.=; (730) 
where >' = the &rc of the meiidioDal Kction, correspoadiDg 
to the leqnired arc 5. ' 

The angle ^ may be aubatituted foi z in (730) bj means of 
the equation 

(731) 



■■/^ 



3. To find the len^h of the arc io Example 3, when the 
solid is a right cone. 

Ans. If /I ^ the angle which the side of the cone makes 
with the axis, 
Zg = the value of e at the beginning of the arc 
s = (z— Z(|) sec. o sec. f 

tp sin. fi cot. a 
= »c. „ sec. I* . e; (732) 

4. To find the length of the arc in Example 3, when the 
solid is a sphere ; that is, to find the length of an arc of a 
rhumb tine. 

Am, If R = the radius of the sphere ~) 

"e = the inclination of the radius vector I 

to the axis of 2, r C^) 

jg = the value of* at the beginning of the J 
arc, 
the length of the arc is 

s = B (fl — a„) sec. „ (734) 

and ^ ma; be sabstitnted for ^ by means of the eqnatioD 

y = log. tan. i fl — log. tan. J «„ . (735) 
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6. To find ibe length of the aro in Exenple 3, nheo the 
solid is an ellipsoid i}f Tevolation. 

Arts. It A = the Bemi-travaTerae axis, ^ 

c = the exceatricity, s (736) 

6 corresponds to t in (574), ) 
the length of the arc is 

s = A sec. « (£a — £ fl,), (737) 

and 9 may be substituted for i bj means of the equation 

in the case of the oblate ellipsoid. But in case of the prolile 
ellipsoid, the equation is 

_ I ■* * + V ( 1 — e") sin, i . COS. 6^ 
' ~ °^' '^o-l-VC— <'')"D.a, "*" °^" cos. « 

+ ^(l_«a) ^"'S- l-sin.*-8in.fl,+2sin.asin.io " ' ' 

116. Problem. To find the shortest line, which eon 
be drawn, subject to given conditions. 

Solution. The variation in the length of the curve ariuag 
from an; very small change in its equation, which ma; be 
made, consistentlj with its conditions, is in general propor- 
tional to the magnitude in the change of the equation j it 
must, therefore, change its sign with the change of sign in tbe 
variation of the equation. Thus if Ix denote the varialioD of 
the equUiiKi, we shall iiave for the vatiatkm in tbe lenglb of 
tbe curfe, 
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is = D,s.ix + iD^^s .ix3 + &,c (740) 

tbe second member of which is leduced to its first tGrm when 
'lia an intinileairoil. But, in the case of a maximum or 
-miQimum, as should not change its sign with ^x, and therefore 
this first term should be wanting, that is, the variation of 5 
should be zero, while the second variation of s should not ven- 
ish ; or if the second variation should chance to vanish with 
tbe first, the third variation must also vanish. The principles 
of finding this class of maxima or minima are the same with 
those of B. II. Chap. VIII. But ihe process of finding a 
maximum or minimum of a definite integral, such as 



/:; 



Ds, (741) 

dependent upon a variable function, is quite different from that for 
the ordinary maximum or minimum ; and such problems are 
often considered by Ihemselvea, under the title of the Method 
of Variations. 

The function (741) can vary in two ways, either by the 
vtiialioQ of the functions upon which s depends, or by tbe 
variation of the limits of the integration. The condition that 
it is a maximum, is, therefore, expressed by the equation 

'^s' i5j = 3Sj— JSo+y*' »Ds—fi. (742) 
The value of D s usually depends upon many variables, 
(, X, y, &c., and their differential coefficients, in such a way 
that, if t is taken for the independent variable, any change in 
the functions by which t, y, &.c. depend upon t, gives tbe 
equations 

a»,=i>», .J(,, Js„=i>So.n„, (748) 

iDt=X»x-\-Y*y-^n. -\-X' » D x-l^Y » D yJr&.G. 

+X" iIfix^Y"»Ifi y+&c. ; (744) 
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which, substituted in (742), give 

Z>», "i— i>*oJ'„+ yj" {X»x-\-X'3Dx 

■\-X'sD^z-ir6t,c. +rj>+&;c)=0. (746), 

Bui, by (262), 

f.X'iDx=f.X'DSx=X'»x—fDX'. IX (746) 
f.X"iD^x=f.XD^»x=X'Dtx—SDX".D{x 

=:X"Dl3^DX'.Sx+fD<'X".ix,&c (747) 

Tbe terms in the last members of (746 snd 747), which are 
not under the sign of integraiion, must, iu passing to the defi- 
Dite iDiegraU, be referred to the limits of integration Bat it 
must be obserTed, that the variations in (746 and 747) are 
taken upon the supposition that the independent TariaUe ( 
does not ilself vary, and that only the functions vary, by which 
z, y, &c. are connected with it ; whereas the limits of inte- 
gration may ihemaelves necessarily vary with a change of thii 
fiinction, and therefore t^ and t, are supposed to vary. If, 
then, ''zg , ^J^o t ^c. denote the variations arising from 
the change of the functions, the values of the complete varif 
(ions ate 

tx^fx^ + Dx^.it^, Sin. (748) 

whence »'x^= » x^ — Dx^ .« t^, &,<:,. (749) 

Hence (746 and 747) give 

/•J» XiDx—X,i'x,—X,a'x^—P^iDX.tx (760) 
j"^'X"3D^x=X;Dl'x^—DX';s'x^—X-;Di'x„ 

—DX;yx^-^l^D*X'.»x, 61,0. (761) 
in which f is given by (749). 
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Then etjuationfl, subsliluted in (745), gira 

Ds,gt,-Ds^ i <„+(^-/)X;+&c.) *- X,- {X-/>X„'-|-&c.)*' X, 

+( jt;- &c.) d ': X J— ( j";_&c) D i' lo-f&c. 

i-fli.[(X-DX-+J}^X'-&,c.)ix+(Y-&,c.)»y+&.c.]=0. 

(753) 
The terms of (752), which are under the sign of integration, 
CEpress a varialion which belongi to each point of the curve 
mdependenttf of all the other points, and which must, there- 
fore, he equal to zero for each pcunt ; which gi?es the general 
equation 

{X^D X-+jyX"—&,c) *7+&c. = 0. (753) 

The TariaUee, t, x, y, &e. may he bound together by lome 
ctndHionB, represented by the equations 

Z = 0, M = Q, (754) 

b which L, 3f, may be functions of i, t, y, &c. The varia- 
tions of these equations will then give linear equations between 
'i, 'y, &c. from which the values of some of the variations 
^x,)y, &,c. can he determined in terras of the others. These 
talues, Bubatituted in (753), will reduce the number of varia- 
tions in (753) to the smallest possible number, and those which 
remain will be wholly independent of each other, and there< 
fore their coefScients must vanish. The equations, thus ob- 
tained from making these coefficients equal to zero, will be 
the required equations of the shortest time. 

If, in addition to the equations (754), thelimits of the curve 
are subject to peculiar conditions ; these conditions, with those 
of (754), referred to the limits of the curve, may be combined 
with the terms of (75S), which are not under the sign of in- 
tegration, and the equations foi determining the eslreme points 
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of the curve may be found by the same method by which the 
equatioDs of the cUrre itself are found. 

117. Corollary. The preceding process for fiading 
the minimum of (741), may be applied to finding the 
maximum or minimum of any definite integral, such 



f'\ 



■ V, (766) 

by changing in the various formulae D s itito V. 

118. Corollary. The Dumber of the variations i x, sy, &c. 
determined by (754), is plainly equal to the number of the 
equations of (754). The number of the variations left unde- 
termined, therefore, in (753), and consequently the number 
of equations obtained from (753), is equal to the number of 
the variations not determined by (754). The whole number 
of equations then of the required curve, is equal to the whole 
number of the variables x, y, x, &c,, among which the inde- 
pendent variable is not included; that is, there are just u 
many equations as are required to determine the curve. 

In the same way, it may be shown that there are jubI 
enough equations to determine the extreme points of the 
curve. 

119. Corollary. The following method of eliminating the 
variations from (753), which are determined by (754), i> 
more symmetrical than the usual one, which is pr<qK»ed io 
§ 116. Multiply the variation of each of the equatic«s (754) 
by some quantity, such ae l, ft, &,c. and add the sum of all 
the products to (753). The values of i, n, &c. may be de- 
termined by putting equal to zero, the coefficients of just u 
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man; of the variations *i, Sy, fcc. The substitution of these 
TBiues of 2, f, ^c. in the other coefficients, will reduce (753] 
lo an equaiion, from which as many of the variations have dis- 
appeared as there are equations (754). The remaining co- 
efficients, being those of independent variations, must therefore 
be equal to zero ; that is, each of the coefficients in the sum 
formed by the addition of ike products of (754) by 1, ^, &C, 
to (753), may be put equal to zero, and i, f, S^c. may he tlim- 
inated from the result by the usual process. 

130. Corollary. Ifall the variables had been, in the outset, 
eliminated from Z> 5 (74 1 ) or V (756), which could have been 
eliminated by means of the equations (754), the remaining 
ones would have been independent of each other, and would 
hiTe given, at once, from (753), 

^ _ J3 X -f />« ..T' — &.C. = 0, 
Y— i) F + i>9 Y" — &c. = 0, 



(757) 



ir, moreover, certain of the variables, and among them the 
independent variable, had been taken so as_ lo be the very 
fliDctions of the variables which were constant under the ad- 
ditional conditions at one of the limits, as that of t^; we 
should have for those variables 

J (, = 0, &.O. (758) 

ind diere would have been no additional conditions between 
' 2g , iy^ , dec, which io this caae would not differ from 
*2o , ty^, &,c ; so that (752) would gi»e 
X—O Xy+&.c.=0, Y„—D Y';+&,<i.=0, &c. (759) 
^0— &C. = I'd— *^«- = **- *■<>■ C^O) 

of which (759) are the same with (757) referred to this ex- 
14 

C3.ifKi:,C00^k 



168 IKTEGRAL CALCDLDfl. [b. T. CH. Tt. 

SboTleit lioa upon ■ lurfica. 

tremity. The equatiooB (758), however, inTolve the bjpothe- 
MS that there ia no condition, by which both extremitiea ue 
bound together. 

121. CoroUary. If the curve ■■ teferred to recUngulu co- 
ordinates X, y, X, of which x is the independent Taiiable, «s 
have 

Ds=A/il+Ds^+D!i% (761) 

»Ds = ^^'Dy+^»Dzi (762) 

whence v— "?.? V'—Rl. ) 

r=0. r"=:0,&.o. > 

These equations, substituted in (753 and 752), gi?e 

-^/"'-w^ "'' = ''■ "*'' 

122. Corollary. Any condition between the rectangulv 
coordinates of the preceding article must he expressed by an 
algebraical equation, ichich may be regarded as the equatim 
of a surface upon wMch the shortat possible line is to ht 
drawn. * 

If the positions of the axes of coordinates are so taken that 
oae of the axes, thai of x for instance, is perpendicular to the 
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mrfacQ at one of the points x, y, z, through nhich the curra 
pissea, we should hare, at this point, 

as = 0. (766) 

and, therefore, b; (764), 



'(^!)=» 



(767) 

But the fiane of the axes of x nDd y is, at this point, parallel 
to the tangent plane, and 

Di 

is the cosine of the inclination of the curve to the axis of y ; 



Hence ike direction of Ihe shortest line drawn vpon 
asurface, has at each point no curvature in the direction 
of the tangent plane ; it lias, then, less curvature at 
each point than any other curve drawn upon the same 
surface through that pcAnt, and having the same tan- 
geat with it ; that is, it has the maximum radius of 
curvature of all lines which have a common tangent, 
and are drawn vpon the same surface ; it coincides, then, 
wilh the direction of a riband which is wound round 
ihe surface in such a way as to bend only towards the 
SDrface, without bending ju the tangent plane either to 
the right or left. 

123. Corollary. Upon any surface whatever, such 
as a cylinder or cone, formed by the bending of a plane, 
and which is designated as a developable surface, the 
ihortest line becomes a straight tine when the surface 
is bent back into a plane; and it may be remarked, that 
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aiiy surface formed by the motion of a straight line, 
which remains in two snccessive positions ia the same 
plane, is developable. 

124. Corollary. It is obvious, from (353 of vol. 1), 
that the hyperboloid of equation (360 of vol. 1) is not de- 
velopable, and that therefore the preceding corollary is 
not applicable to it, although it may be generated by 
the motion of a straight line. 

126. Corollary. The shortest curve upon the sphere 
is an arc of a great circle. 

126. Corollary. The curve drawn upon the surface 
of the earth, upon the principles of -5- 122, is called the 
geodetical curve, and, there/ore, this is the shortest cunt 
which can be drawn upon the earth's surface. 

127. Corollary. If the position of the axes ia taken as ia 
^ 122, but with the condiuon that the aKis of x shall be the 
normal to lh€ eurface, we have for the point Z(, > ^o • ^o • 

* i„ = ; (768) 

whence, by (765), 

D Sa 'So + i) 2. ^«a = 0, ' (769) 

Since the poici >a > ^o > *^o > '^ "P"** '^^ given surface, any 
additional condition for this point would be equivalent to re- 
quiring it to be upon some other surface, so that it would have 
to be at the common icrlerEection of the two aarfaces. The 
first member of (770) expTPsaes, then, the tangent of the 
angle which thia intersection makes with the axis of z, while 
the second member expresses the negative of the cotangent of 
the angle which the required curve makes with the same axis. 
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The shortest curve which can be drawn upoD a girea 
' surface from ooe curve upon that surface to auother 
curve, or to a point upon the surface, is perpendicular 
at either extremity to the limiting curve at that ex- 
tremity. 

128. Corollary. If the required line ie subject to no cod- 
dilioa except at ita eitremities, ihe variations in (764) an 
entirely independent, which gives the equations 

that ia, siuce the direction of the axes is wholly arhitrarj, the 
required line lias no curvature in any direction, and m, conit- 
gtuntly, a straight line. 

If the extremity x^, y^, x^ , is subject to a condition, that 
it must be upon a given surface ; tbe normal lo that surface 
at the extremity of the line may be taken for the axis of x^ , 
which gives 

ja„ = 0, (772) 

and leaves ly^ and ^z, arbiUary ; whence, by (765), 

that is, the cosine of the angle which the required line makes 
vith the surface in each direction is zero ; or, in olher words, 
the required line is perpendicular to the surface. 

If the extremity z,, y, , x^, is subject to two conditions, 
that is, if it is at the intersection of two giveo surfaces ; let 
this line be tbe axis of zg , and we have 

Ix^ — O, 'y> — 0. (774) 



14* 
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whence (765) gives 

or the required line is perpendicular to the givea line. Hence 
The shortest line which can be drawn between two 
given surfaces, or two gireii lines, or a line and a sur- 
face, or a point and a surface, or a point and a line, is 
the straight line which is perpendicular to the surface 
or line at the corresponding extremity. 

129, Corollary. If the ehorteat line is required to be drawn 
upon A surface of revolution, let the axis of z be the aiia of 
revolution, let u be the projection of the radiua vector upon the 
plane of x y, and let f be the angle which u makes with the 
axis of * ; and we have, by taking z for the independent varia- 
ble, 

D 3 — \/ (u^ D f^ + Du''+ I). (776) 

But by the equation of the surface, u is a given function of 
z, and, therefore, not subject to variation. Hence 



.D, = t£^. ^r^) 



The equation giTes, then, 

' ~D 



D'^^O, (778) 



the integral of which is 

^ = C; (77S) 

in which C is an arbitrary constant, and the independent va- 
riable may be any variable whatever, because it is only the 
ratio of two differential coefficients which enters into (779). 
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130. Examples. 

1. To find the shortest line which cio be dr»wn upon th« 
oblate ellipsoid of revolution. 

Sehitioa. Let A be (be greater, and B the smaller Bcmi- 
ixis of the generating ellipse, and e the eccentricit; ; tre have 
for iha equations of the ellipse, as in (575 and 576), 

x=iA sin. », y = B COS. fl ; (7S0) 

and X in this equation is the same wiib u in (7^9), and g is 
the Barae with x. Hence (776 and 779) give, by taking * for 
the independent variable, and using the notation of elliptic in- 



4^ sin.a a D f'+A' cos.* i+B' 


""•' ' 




I' (,:«.', D,'+J>')=^^^ 


^ B»», 


(781) 


C Ji 




(782) 



Let a, ^, and e be taken, so that 

C= A sia. „, (763) 

COS. V ^ COS. a sec. o, 0^) 

(785) 



■Dd we have, by taking xp for the independent variable, 

sin. fl D^, i =. COS. o sin. V, (786) 

Ai'-=\-t' (1-cos.* ocos.'v)=l — 6*(siii.'o-j-cos."ttsin.*v) 

=(!—«' sin." «) (1— fi'3 sin.a V) 

=(1— (3 Bin." ») ^- va, (787) 
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V {A^' "in.* t—C) =.Atsf (ain.* 4— sin." •) 

= J< V'(C0l.3 a— 1»>8.> 0) =: j1 COS. a i'lD. V, (789) 



D^<r= 



C^tP^t flip . nV ( I-ea Bin.' .j.yy 

— VC— ''■'■"'''■)-^v _ '>/ {\-t' tan.' o) ^f' 
~ sin."(l-fcoi.»«sin.* V) sin. "(l+cot.* "sin." v)-''''' 

(7»1 

~C08." « V(l-«^ sin." ojLci+cot.'" sin." V) ^' V ^J' 
Hence, if we adopt ibe nolation 

and put n =: cot.' <•, (791) 

(789) gives gj„ ^ 

*" ~co8.a » V'O— «* sin* ") . , C^) 

[(l+eaco8.2fl)(ir{«e'V,)-il(ne'Vo))Vco8.'«(J'V,-fVo)]. 
which is the required equation of the curve. 

The length of the curve becomes, hy eubalitution in (76l)i 
s = ^ V* (1— <" sin.a a) (£'V,— E' V,). (793) 

The integral (790) is called the elliptic integral of 
the third order, and admits of theorems similar to those 
of the first and second orders. 

2. To find the Bhorleat line upon the prolate dlipooid. 
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Am. Let the axes of the ellipaoid be represeoted b; the 

same letters, as in the precediag example ; and let the equa- 
ticHis of the ellipsoid be 

u=B COS. e, z=A Bin. fl, ^ 

C=Bcos. «, Bin. fl=sin. Bin. V, i (794) 

e'=e sin, ", n= — sin.' ", * 

the equation of the required curve is (^95) 

aad the length of the curve is 

» = ^ (£' Vi — E' %). (796) 

3. Prore that if ^o > f and f' satisfy the lower equation 
(590), and if 

JV=V(«(»+l)(n + e')] (797) 

the elliptic integrals of the third order will satisfy the equa- 
tion 

n{ntv') + li(nev)—n{nt<fo) 

_ » [_j] / i Vsin. y' bId. y sin, y, \ /7Qai 

~y ' \ l-^n(l — COS. 9' COS. 9 COS. yo) f 
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CHAPTER VII. 

qOADBlTDRE OF SCBFACES. 

131. Problem. To find the quadrature of a surface. 

Solution. Let lit L Iff L- (6g. 7) be the portioD of the sur- 
face, whose area, ia to be fouod, and which maj be either plioe 
or curved. Let the conditions of the bounding line be ex- 
pressed by an equation between two variables, / and n. Sap- 
pose two lines, LL', IV, drawn inliniiely near each other, ind 
in such a way that I is constant throughout the extent of these 
lines; and let the lines MM', mm', be so drawn that mis 
constant throughout their extent. If then " is taken to denote 
the required surface, we have 

the Hrea LL' It L 



and 



di ~ dl 



(799] 



n» _ JP. L _ the area abed .gjjQ, 

a ^ the angle bac, ^ 

J' = an arc of Z, Z,', V (SOI 

s" ^ an arc of Mm; j 

the arc a 6 = d s', the arc o c = ds", (803; 
the area abed=ain. ads' . dt'! 
te m is the only variable in s", and / the only variable 

D7. . « = sin. aD^s-.D, s", (803] 
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and the accents mi; be omitted io (803) without uijr unbi- 
gaitf. HeDce 

o — /;/« Bin. o D. . * . i>, . s ; (804) 

in which D„ s and Dis may be tahea directly from the gen- 
eral expresaion for D s, &nd a is (he iflclinotion of iwo lines 
drawn through a point, in such a way, that for the one / is 
constant, and for the other m is constant. 

133. Corollary. When the surface is plane, (570) of vol. 1 
gives lor rectangular coordinates, 

D.s = \, D,s=l, (805)- 

aod it is obvious that a is a right angle ; whence 

'-/./,- I =/,'=/.■), (806) 

or supplying the place of arbitrary constants by the form of 
definite integrals, 

• =fi'. /?; ' =/'.: <»■-*•) =/?; (•■—>• <«»'> 

in which the values of z, x, t/„ y, , are determined by the 
bounding curve. 

133, CoroUary. When the sorface is plane, (574) of vol. 1 
gi^es 

DfS^r, Dri=l, (608) 

and a is i right angle ; whence 

.=/,/.. r=/..r,_j/,.r'i (809) 

or 

• =f7jv.- '=/':• (■•. '.^. '■)=!/;;■ (-i-^)- (8>») 

134. CoroUary. When the surface is curved, let r denote 
the iDclinatioo of the tangent plane to the plane of x y, and. 
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iioce the projection of a surface is equal to the product of (bs 
surface b; the cosine of its iactination to its projectioa, (806) 
gives 

■>=/./.. tecr. (611) 

Heoce, by (600) of *o). 1, where 

r= (812) ■ 

is the equation of the surface, 

=f.S, ■ V (O. »^ + O. «" + !)■ (813) 

135. Corollary. ^Vhen the surface is developable, it mij 
be supposed to be developed into a plane, and its area found u 
that of a plane surface; or it must give the same resalt to 
refer the surface to axes, drawn upon it in euch a way, ibai 
thej would be straight lines when the surface was developed, 
and the rectangular coordinates would then be the length of 
the shortest lines, which would be drawn upon the surface lo 
two of these axes, which would be perpendicular lo etcb 
Other. 

136. Corollary. When the surface is one of revolution, ibe 
notation of ^ 129 gives, by 4 l^^i 

= =/,/.. «V(^. *'' + »); m 

and if s denotes the arc of the generating curve, 

. -A/. . . B. 5 =/,/. . . II. . . =/,/. . .. (815) 

137- CoroUary. When the surface of revolution is incloded 
between four curves, of which two are the intersectioas v'vh 
the surface of two planes which are perpendicular to the tia 
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of reTolutian, and the other two are the interseclioDS with the 
surface of the planes, which may be called meridian planes, 
becauM they include the axis of revolution, and which are in- 
dined to each other by an angle v^ > (31^) gives 

. = ,./«... D. .=1.fl^^ . « D. . .=„ /J; . .. (816) 

138. Corollary. If another surface of revolution were gen> 
eraled by the rerolatlon of the arc in the preceding section, 
about an axis at the distance b from the former axis, and 
farther from the arc, so that for this new axis we have 

i.' = «+4. (817) 

(816) gives the value of the corresponding surface 

= "+6?, (s,-So). (818) 

139. Corollary. Had the second axis been upon the oppo- 
site side of the arc, we should have had 

a"=b — tt (819) 

c"=bf^{s,-s,)-o. (820) 

140. Corollary. A curve AB A' B' (fig. 8) is said 
to have a centre when there is such a point that any 
chord, such as A A', B B', &.c. which passes through 
it, is bisected by it ; and such a chord is called a diam- 
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eMr. The surface generated bjr the revolution of sDch a 
curve about an axis C C which does not intersect the 
carve, is called an angular turface, or, simply, arM^. 

The ootatioa 
8 ^ the perimeter of the geaerating curve 

ABDAD-A, 
a = the surface which would be generBted b; 

the revolulioQ oi DBAD' about the di- [>. (S21) 

ameler D D' parallel to CC, 
fi =: the distance of the axis C C from the cen- 



gives bjr (818 and 820) for the whole surface of the ring, 
2 = o+J26"-S+i26"S— " 
= 2 6 " & (822) 

141. Problm. To trantform the differential eoefidatiof 
a surface Jrom one system of variables to another. 

Solution. Let / aod m be the given variables, and let the 
second member of (803) be denoted bj H, that is, 

iy,_^.o = H (823) 

If, then, only one of the variables m is to be changed, and 
Ms to be introduced instead of it b; means of the equation 

U=m, (824) 

in which 3f is a given function of / and t ; we have 

i>!. , . » =: J>, iJ, . <- = O. i>i . o . D, . M 

= m.^.''.I>,M^HD..M. (825) 
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Traatrormation of differential coefficieal. 

If the other TarUble I is bIm to be changed, aod « to be in- 
troduced instead of it, by meaoa of the equation 

/ = L. <836) 

io which Z. is a given function of t and u ; we have 

DJ .« = HD,.M.D, L. (827) 

142. Corollary. If M, in equation (824), inatead of be* 
ing 1 given function of t and I, were a given function of t and 
u, u might be eliminated bj means of (826). It is mote con- 
venient, however, to eliminate ita differential coefficient only 
fioiQ D, . M, alter having determined this differential coef- 
ficient b; means of (826). Thua the differential of (826) 
relative to t is, by regarding u aa a function of (, 

= 2), X + i>. i . 1>, H, (838) 

and (824) gives 

_D.M.D, L -D.M.D,L . 

jf-^ (830) 

But m is obviously to be substituted for M in (827), whence 
we have by (827 and 830), 

Dl. c = H {D,M.D,L — D,M.D,L). (831) 

143. Corollary. The two preceding articles may be 
applied to the transformation of any second differential 
coefficient of two successive variables. 

144. ExAHPLBI. 

1. To find the area of the segment of an ellipse included 
between two parallel lloea, 
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TrKmlbrmation of differentiaJ coeffioient. 

Solution. Let the ellipse be rererred to conjngBte axes, u 
in (74) of «ol. 1, io which the axis of y is drawn parallel to 
the giren lines ; and (804 and 807) give, sioce in this esse 

is the ordinate y of the ellipse, if « is the angle of the ues 

o = 2 fl^ . ysin. «. (833) 

ir, now, we take i so that 

x — Aco9.», (834) 

we haie y = B ain. a, (835) 

i>j . I = — -d ain. a, (886) 

=S sin. af^o A B wn.s &=A B sin. "/**<> ( 1 — cob. 2 «) 

=ABMa. a [*(,—«,— i (sin. S «,— sin. 2 «,)] (837) 

^ J sin. " (corresponding area of a segment of a circle whose 

radiua is 4). 

2. To find the ares of a sector of an ellipse, when the ver- 
tex of the sector is at the centre of the ellipse. 

Sobaion. In this case (834 and 835) give, when A and B 
are the semiazes, 

f- COS. ip = j1 COS. fl, r sin. v~ B sin. 4, (838) 

.„.,=?«..., D,., = S^, (839) 

A ' i A COS.** ' ^ 

t^Dt.'f=:AB; (840) 

whence, by (810), putting zero for r^ , 

» = J4S(fl,— ij. (841) 
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Aral of «Ilipiio Mgmsnt Apd tector. 

Corollary. The whole ares of the ellipse mnAB. (S43) 

3. To find the area of a lector of an ellipse, wbea the ver- 
tex of the sector is at a focus. 

S^tioH. If the origiD of cooidiDates is at the Ibcas, (834 
and 635} give 

r COS. 7 =:i=i4 cos. 6 — A e=A (cos. d— -e) (643) 

r sin. 9=y=B sin, 6 (8W) 

tan. 9= ~ . ■ "°;' ^ (946) 

A cos, 6 — c * ' 

r^D69 = AB. (1— e cos. a), (847) 

whence, by (810), 

<'=A B . [«j— *„— ( (sin. 4,— sin. «„)]. (848) 

4. To 6oi the area of the hyperbolic segment included be- 
tween two parallel lines. 

An$. If the hyperbola is referred to conjugate axes as in 
(90) of vol. 1, in which the axis of y is parallel to the given 
lines, if r is the angle of the axes, and if & is taken bo that 

xs^A Cos. 6, y = B Sia. 6, (849) 

the area is 

o=J^JBBin.r (Sin.2Bj— Sin.2«„+3«,— 2fl„). (850) 

5. To find the area of the hyperbolic sector, the vertex of 
which is at the centre of the hyperbola. 
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Ans. With the notation of the precediitg examfde, the area 

" = A B (*,— *o). (851) 

in which A and B are the Bemi-asea. 

6. To find the area of the hyperbolic Bector, the rertex of 
which is at one of the focL 

Ans. With the notation of the preceding example, the area 
'•=AB [(«,— «o) — e (Sin. «,— Sin. fl„)]. (852) 

7. To find the hyperbolic segment included between aa 
asymptote, the curve, and two atraight lines drawn parallel 10 
the other aaymptote. 

Solution. It is convenient, in this case, to take the two 
asymptotes for the oblique axes, for which " and p in (S6) of 
Tol. I. must have the values 

Un.. = ?, ,.„.,=_?: (8SS) 

whence (S6) gives for the equation of the hyperbola, referred 
to its asymptotes, 

- ,, = i(,A' + ll>). (854) 

The area of the required segment is, then, by (807, 853 and 

8S4), if the axis of y is the asymptote parallel to the girra 

= J4BIog. ^. (865) 
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Area of pirabolio and cydoidal segmeDta. 

8. To find the are< of the parabolic Begment iocladed be- 
tweea two parallel linea. 

Ans. If the parabola is referred to oblique axes as in (100) 
of to). I, of which the axis of y is parallel to the given lines, 
and if a is the angle of the two axes, the area is 

" = f (y, ii—yo X,). (856) 

9. To find the area of the parabolic Bector, of which the 
Teitez is at the^focus. 

Ans. If P is the distance from the fertex to the focus, if 
the origin is at the focus and the angle v counted from the 
?ertei, the area ia 

o = 2 P (tan. J 9,— tan. J f„). (867) 

10. To find the area of the segment included between the 
curve, the axis of x,^aod two lines drawn parallel to the axis 
ofy, of the curve known as the parabola of the order a, which 
has for its equation 

S — Af. (858) 

Am. a='iiJr^^'L. (859) 

11. To find the are of the segment of a cycloid giTOD by 
ec|uationB (130 and 131) of vol. 1, included between the curvei 
the axis of x, and two lines drawn parallel to the axis of y. 
Ans. o=H9[3(a,-Jo)-2(8iii.«r-Bin.ao)+K«''i-2*i-sin.2a„)]. (860) 

Corollary. The whole area included between a branch of 
the cycloid and the axis of x, is 

c = 3 J» JRa, (861) 

=: three times the area of the generating circle. 
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Are* of iMtora of ipinli. 

12. To find the areft of th« acgnwDt of & cycloid, wbich is 
included betweeD Iha curve and a line drawn parallel to the 
axis of y. 

Am. i=:RO [("—*) (1+2 COS. i)— Sain. «— J bid. S S]. 

13. To fiad the area of a sector of (he spiral of equation 
(133) of vol. 1, when the rerlex of the sector is at the origia. 

''"'• " =2^ <•■'■*'-'•'■+')■ f**' 

14. To find the area of a sector of the hyperbolic spiral, the 
equation of which is (135) of vol. 1, when the vertex of the 
sector is at the origin 

Ans. ' — 271^ R^ ( — — —\. (864) 

\V^ *! / 

15. To find the area of a sector of the loguithmic spiral, of 
which the equation is 

r^at^ , (865) 

when the vertex of the sector is at the origin. 

Am. '• = ia^it'''' — t"^°). (866) 

16. Given the area " of a surface included between any 
lines whatever,, the combination of which coneidered aa one 
line which in general is discontinuous, is lepreseaied by lUe 
equation 

F. (i,,)=0, , (8W) 

to find the area J of the surface bounded by the line or system 
of lines 

r{l.l) = 0. (868) 

Ans. J-zzaho. (66d) 
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Area at b zone of ao ellipBoid. 

CoroRary. If a and b are equal, the suifaccB are similar, 
sad (869) gives 

V=a3-: (870) 

that is, the areas of similar surfaces areproportional to 
the squares of their dimensions. 

17. To find the area of the zone of an oblate ellipsoid of 
nrolation which is included between two planes drawn per- 
pendicular to the axis of reTolution. 

Solution. Let the notation be that of Example 1, ot ^ 130, 
and (816) gives, for the uea, 

.^S"/*^^ XD..S 

(871) 

Let the angle » be so taken that 

B Sin. '> = Aeco9.B; (872) 

and we shall have 

— At aia.e Da. 6 =zB Cos. «; (873) 

whence 

^l:?* [(»^_bJ i{-J(Sin. 2-0— Sin.3 «,)]. (874) 

18. To find the area of the zone of a prolate ellipsoid of 
revolution which is included between two planes drawn per- 
peudicular to the-azis of reTOIulion, 
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Are* of* ions of m hyperboloid. 

Ant. With the notation of Gsample I, of ^ 130, and pnt- 

C08. 1 z= e cos.^, (8TS) 

the area is 



19. To find the area of the zoae of the by perbqloid of rero- 
ludon formed b; the revdutioD of an arc of an hyperbola 
about the transverH axia. 

Am. If the equations of the generating hyperbola are 

I = j1 Cos. a, y = B Sin. i, (877) 

and if • is taken so that 

e Cos. i = sec. », (878) 

the area ia 

™ JBrrin.-, ein.-„ tang. (45' -H -.n 

20. To find the area of the zone of the paraboloid of revo- 
lution, included between two planes, which are perpendicular 
to the axis of reTolulioo. 

Am. If P is the distance from the vertex to the focna, and 
if d is so taken that 

y = 3Ptan.«, (880) 

the area is 

= J « pa (fleo.3 a,— sec.3 ij. (881) 

Si. To find the area of the zone generated by the reTolulion 
of an arc of a parabola about the axis of y of the preceding 

example. 
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Alu. ir 6 is taken so that 

I + F = P sec. a, 
and if •>' is the vdne of « in (879), 
the area is P' e 

'~~rB ' 

23. To find the area of the zone generated bj the revolu- 
tion of an arc of a cycloid about the axis of z in (130).ol 
toI. 1. The arc is supposed to commence with 6- 

Atui. With the aoUtlon of equations (130 and 131) of 
vol, 1, the area is 

o= ISTiJs (S — f COS. J8 — isin.'ja.coa. Jfl). (884; 

23. To find the area of the zone generated bjr the reroiu- 
tion of an arc of a cycloid about the axis of y in (131) 
to). I. The arc is supposed ta commence with ^. 

Ana. With the uotation of the preceding example, the arei 

a — \67iR' (sin. i a— J a COS. J fl — i sin.3 J i). (885] 

146. Problem. To find the area of the zone genr 
erated by the revolution of a given arc of a plane curve 
about an axis in the same plane with the arc, when the 
areas of the two zones are known which are generated 
bf/ ike revolution of the arc about two axes in the plane, 
which are perpendicular to each other. 

Solution. Let the two perpendicnlar axes be those of z 
tnd y, and let the ^ren areas be, by (BI6), 
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(8W) 

Let the new uis be inclioed to th^ axis of z by bd angle e, and 
pass at a distance a from the origin, and tbe required area is 

(f = ±2"y *'. (y COB. a — X Bin. a — o) 

= ±2 7.[»'co«.« — <^'ain. " — «(«,— 5„)], (888) 
in wbich (hat sign is (o be adopted which renders the second 
member positive. 

146. Problem, To draw the cures line subjed to 
given eonditioTts, which includes a maximum or mini- 
mum surface. 

Solution. This problem, like that of ^116, involves the 
maximum or minimum of a definite integral, and is therefore 
solved ia a similar way, by the method of variations. There 
is, in this case, however, a double integral, and the first iDte- 
gral refers evidently not to disconnected points, but to tbe 
bounding lines of the sorface, so that the determinatbn of 
these lines may involve the method of variations, even when 
tbe general form of tbe surface is given. The determination 
of the form of the surface will admit of more lucid dis- 
cusaion in a chapter upon the curvature of surfaces, and 
the present chapter will be confined to the consideration of the 
bounding line. 

The equation of tbe surface being giveo, the ferm of its 
second differential coefficieDt is known, and is independent of 
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ibe lioii'mg lines, ao that aD iDlegration can be direct]; per- 
formed, and the required integral be reduced to the form (756), 
and [he process of finding the maximum or minimum becomes 
identical with that of ^ 1 16. 

147. Corollary. A kind of equalion of condition is often 
connected with this problem, wholly different from those refer- 
red to in § 116. Each of the equations (754) is an equation 
vhich is satislied by the coordinates of each point of the re- 
quired curve, and is thus equivalent to an infinite number of 
equations. But an equation, of the class here alluded to, ia a 
single equation, involving the codrdinatea of every point of the 
curve. An instance of such an equation is the one which 
expresses that the bounding .curve must be of a given length, 
,or that the definite integral (741) must have a given value. 

All equations of this kind would appear to depend, neces- 
sarily, upon definite integrals, and they may be introduced into 
the equation of maximum or minimum for the purpose of elim- 
ination by ihe method of ^119. It must be observed, how- 
ever, that the multipliers i, n, &c , of these equations are 
alwai/s constant. For each of these equations does not deter- 
mine any relation l>elween ^x, Sy, &,c. which is applicable to 
each point of the cur»e, but only a particular relation by which 
DQe of the variations, as I x, may be determine!^ for one of the 
points in terms of the values of the variations for all the points. 
The corresponding multiplier >, therefore, must have that par- 
ticular value which shall cause this single value of ^z to disap- 
pear from the equation ; that is, ^ must be constant. 

148. Examples. 

1. To find the plane curve which, having a given length, 
encloses the maximum area. 
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Solution, The fbnetioa lo be a maximnm b, by (806), 

(889) 

and the function (566) ia to be conatant. Hence if J is the 
cooBtant mul^plier introduced for the parpooe of eliminUim, 
the equation ia, by the reduction of ^ 121, 



/'; 



-AD, 



(gf)=o. m 



or by the notation of ^ 146 of B. II., and by (577 and 609) 
of vol. I, 

= 1 + 4 i), . COS. , (891) 

— Drx+ADTCOB.y 
= sin. . />, 1 — A sin. ' (893) 

A = DrS = «, (893) 

that is, the cnrrature ia conatant, which is the property of do 
other corre than the circle ; the required curve is, tberefore, a 
circle ; which has, already, been proved in the Elements of 
Geometry. 

3. To find the plane curro which, being drawn from one 
given point to another given point, and having a given length, 
encloses the maximum area between the curve itself, its two 
extreme radii of curvature and its evolute. 

Solution. By adopting the notation of the preceding article, 
the required area may be expressed in the form 

(894) 

that of the arc will be 



/:: 



'=/::■' 
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GtaalMI or laMt (uriM*. 

EquitioM (S76, 677 ud 609) ftt vol. 1, givs 

Bt z — sin. r D,s=Q sin. „ (896) 

I>,y=— co^ » i>,* =— pcos. »., (897) 

The gtren differeDcea of the coordinates of the extreme poinls 
of the curve are, then, 

.,-..=y;^.,.i«', (898) 

y, — ^yo— — / *' • s ^°^- '• {899) 

If, there&re. A, B, C ire the confitant inuhipliers of (895, 
898 nad 809), introduced for the purpose of elimination, the 
equation of the maximum or minimum it 

2c + 4-f B sin. » — Ccofl. ' — 0. (900) 

Let H and " be taken so that 

B = ffcos. =, C=HBin. «; (901) 

and (900) becomes 

2e + ^+Hsin. (»_<.) = 0; (903) 

and by putting 

/ = r~„, ' (903) 

fie+A + Hsin.''=iO; (904) 

which shows that (900) may be reduced to the form (904), 
from which the term containing cos. * disappears, by merely 
changing the direction of the axis of x. It does not, then, 
diminish the generality of the solution to put 

C=0; (905) 

by vbich (900) becomes 

2c + ^+Bsin.»=0. (906) 
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TheeofTeiiewilje 

t = iAeoa.--i-iB siii.2 • + J ', (9X) 

y=i Jsin.' — |Bcos. 2'. (906) 

Carctlirf. Wbea tte exUeme poinla are not fixed, the 
eqaaiioa ('J<Jf>) becomes 

2c + 4 = 0; (909) 

thai 19, ibe cditb a a tirtU. 

(^oJlary. When the length of the carve b not gireii, ihe 
eqaation (90G) becomes 

2« + BsiD.' = 0; (910) 

which is, erideatlj, from example 3 of $ 151 of B. IL, a 
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CHAPTER Via 



THE cn&TATUite or smtrACES. 

149, Probiem. To find the curvature of a given 
surface at any point in any direction. 

Sohilion' Let the tangent plnne to the sarfaca at an; one 
of its poinia be taken for the plane of the coordinates x and g, 
BO that the normal ma; be the axis of z. We hare, then, at 
this point, t 

D,s=:0, D,z = 0; (911) 

and if g, and e, are the radii of curvature at the point oF the 
inlereections of the planes of zs and gz with the surface, 
eqaaiion (610) of vol. I gives 

— = D^, 2, — = Dlz. (912) 

The radius of curvature « of a section made in any inlennedi- 
Bte direction by a normal plane, which is inclined to the axis of z 
by the angle a, is derived from the equation 

j = D'.'. (913) 

if u denotes the distance of a point of the curve of intersec- 
lion from the axis of z. But the coordinates of one of these 
points are 

X = u COS. «, y = « sin. « ; (914) 

16* 
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wbeDce, in general, 

i>„ z = COS. a2>, z-f ein. "i>, a, '(915) 

-::ijy.z = <Ma.^i'Dlt + 2Bia.<'<loa.<'Dl.,z-\-eiD.'ajy,i 
_ c(«^_o _^ '"■■'' " _|_ 3 Bin. fl coe. <■ i?! ., *. (916) 

150. Corollary. The radius of curvatore q', in a direction 
perpend icular to that of e, is given by the equation 

151. Corollary. The snra of (916 and 917) is 

that is, the sums of the reciprocals of the two radii of 
curvature of any two perpendicular sections at a given 
point of a surface is a constant quantity. 

163. Corollary. If e were the maximum radius of curTs- 
ture at the point, «' would obviously be the minimum radius of 
curvature; whence 

The directions of greatest and least curvature of a 
surface at any point are perpendicular to each other. 

153. Corollary. The differenee between (910 and 917) ia 

4— -=eoB.2<.('i — -\— 2sin.3«i);.-r, (919) 

and in the hypothesis of the preceding corollary, the first mem- 
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bei or (919) is & roaxitnunt The differeniiul coefficieDl of 
the second member, taken with reference to a, niusi be equal 
to zero, that iaf 

= 8itt. 2 "(-—'- \ + 2coa. 2o D^,.,z. (920) 

The sum of (919) muhiplied by cos. 2 », and of (920) by 
sin. 2 B, is 

cos.2„^- — i^=- — i. m]) 

Hence, from (918), 

i=i(^ + L)_.e„...(i-i) 

= i£!ul+!!!4^, (922) 

from which the curvature of the surface can be found 
in a direction inclined by the angle a to t/ie direction of 
maximum curvature. 

134. Corollary. One half of the difference between (019) 
■uultiptied by sin. 2 ", and (9i0) by cos. 2 », is 

i>2,.,*= — iBin.2- (-7 — -)■ (923) 

155. Corollary. For the direction of the raaximum or min- 
■tnum, B is zero or a right angle, and, therefore, for'either of 
these directions, 

D%.^z = 0; (924) 

that is, with a small motion of the point of contact in 
the direction of the greatest or least curvature, the tan- 
gent plane rotates about a line perpendicular to the 
direction of the motion of the point. 
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DinetioB of »o tmrratatm. 

16& CbrvOny. When . is half a right a^e, (931 ud 
92!E)giT6 

«, = «., (925) 



H=*(r+^)- 



157. Coronary, When the values of e and e* have opposite 
ngna, neither of iha corresponding carratores u atrictlj a miii- 
imam, bat the two cuTratures are the greatest cumaturti n 
opposite directions. There are, in this case, two intermediUe 
directions of no curvature, correspond lag by (922) to Ibe 
values of D, 

t«8- = ±-/(-')- («') 

The sections of the surface, made in these directions, 
hare a contact of the second order with the tangent 
plane, and correspond, in general, to points of contrary 
flexnre. 

168. Corollary. Id the case of a point of contact for which 
the greatest and least curvatures are in opposite directions and 
equal, we have 

c = -e'; (928) 

whtfnce, by {9I8)" 

i>, = — 9,: (929) 

that is, the cnrvatures in any two directions, whieh are 
perpendicular to each other, are equal aud opposite. 

We have also in this case, by (927), 

« == zfc 45' (930) 

for the angles, which the directions of no curvature make with 
the direction of greatest curvature. 
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169. Coroilary. If the curvature were reqiiirpd of a aec- 
lion, the plane of which did nol include the iiormni, it might 
be found by referring the surface to an oblique system of co- 
ordinates, of which the tangent jilane was the plane of xif, 
the cutting plane that of zs', ihe axis of x beiri^ the intersec- 
tion of these two planes, and the axes uf y and z' being per- 
peadicular to that of x. Tliis system miirht be obtained from 
the rectangular one, which has the same anes of x and y, bnt 
in which the axis of z is the normal, by putting 
a =the inclination of the axis of 2 to that of z', (!)'ll ) 

= the compIcEnenl of the inclination oT the giicn plane to 
the tangent plane, 
which gives z=: z' cos. 6, (9S't ) 

D2 z = Dl z' COS. i ; (9^0) 

e of the inclined 

(934) 
(935) 

160. Corollary. If the axea, in ihe preceding corollary, 

were rectangular, that of y being perpendicular to the gifen 
plane, and those of x and z situated In any way whatever in 
that plane, equation (610) of vol. 1 gives 



or, by putting e 


'j = lhe radius of . 


section 






\=k- 




.,_,co..«. 



If we put 

T =L the an^e of ff^ and z 
t = the angle of ^ and z. 



J (837) 
and observe that the plane of q and i?^ is perpendicular to that 
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Corvalnra of bdj poiDl of the urhee. 

of X and x, ao tliU if a sphere wore described with the point 
of contact for the centre, the area i, ■•, r would form upon the 
surface a rigbi triangle, of which r was the hypothcDtue, we 
hate 

cos. r = cot «■ COS. *. (938) 

But the coniparisoD of (811 and 813) gives 

sec J. = V [1 + (^. «)" + (O, m> (939) 

and we haTs, obviouslj, 

sec ' = v' [1 + (i>. «)'] ; {»*0) 

whence 

1 _ 1 eec.r_ Ol.z 



t e^ ' secy l+(0,z)» 



" I +{D,z)^ ■ V[l+{D,zr+{D.^r} 



(941) 



161. Corollary. The carratare of a section of the satfsce 
made bjr a plane which includes the axis of z, and is iuGliaed 
to the plane of z > by the angle •, may be fonnd by the formula 

ID which u = the distance of any point of the section from 

the axis of x, 
whence 

x=t( coe. >, y = H sin. • ; (9.43) 

D, x=coa. ., I>. y = sin. • ; (944) 

D^ z-icos. • . i>, z -{- sin. • D, z, (945) 

I^ z=cos.s < , Dl z-t-2 Bin. i cos. • D*. .^z+ain." '.Dlz; (946) 
I^ _ (J>;g + 2tan-'.P;.,z+tan.»,.i>;g)coa.r ^_. 
e ~l+Z>,za+8tan..jD,zi>,z+(l+Z>,z')tan.a.'^ ' 
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Corvminr* of (n; put of the «itAce. 

and NQce the coordinates x, y, z do not tbenuelTei oceor io 
thii Ttlue of the reciprocal of the ladiiu of coTTature, but 
only their differentiale, (947) is appiicable to any point of iha 
BDTface, and to any diiection of the curvatute, it beiog ol^ 
served that • is the angle, which the plane, drawn tfarongh the 
axis of % and parallel to this direction, makes with the plane 
of zy. 

162, Corollary. When the plane which is parallel to the 
reqoited directioa of curvature is also parallel to the radios of 
cniTature, (601, £98 and £99) of rol. 1 give 

..»..= 55?!-'= ?!-"; (»48) 

COS. •' D.% * ' 

whence the product of the denominator of (947), bj D, a", 

becomes 

= (B. z' -f i),a») (1 + i>, «» + D^ X') 
= (I>, z' + D, z") sec" r ; (949) 

and (947) becomes 



a i^»+2 D. z D,z If. ^ z -irD.z^D'.x 



D.z^+D,z' W,(950) 

163. CoToUary. When the direction of curralafe is per- 
pendicular to that of the preceding article, the plane which is 
parallel to it is also perpendicular to that of the preceding 
uticle; whence, in this case, 

Dtz 

tan. i' = — cot. • = =j— , 

Ud (947) b 

\ _ D,z'DIk 

</ Dxz'-\-D^%' 
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iutn ofBilj two perpendicular lodli of i 



l&l. Corollary. The Bam of (050 and 951) ia 

whicli is, bjr (918), Ike sum of the reciprocals of the 
greatest and least radii of curvature at the point x,y,s; 
or it is the sum of any two perpendicular radii of cur- 
vature. 

165. Problem. To fnd the greatest or least surface 
which can be drawn under given conditions. 

Solution. This form of etalemcnt embraces ihat portion 
the problem of <§ 146 which wfta teaerved for tliis chapter. 
Since a single equation between the coordinates of each poiDt 
is sufficient to determine the surface, no auch equatioD can be 
given i but there may be particular conditions involiiiig defi- 
nite integrals, like lliose referred to ia ^ 146. 

166. Corollary. When lhere is no condition what- 
ever, the reqtiired surface is absolutely the least surface 
of all which have the same boundary. 

In this case, the integral to be a minimum is (811 or 813), 
the variation of which gives 

ff,.coB.j {D^zD^lz^-DfZ D,ls)=0. (955) 
But, bj integration, 
/,/,. cos.y Diz D,sz=ff. cos. y DtxDtte 

=f,.Dx zcoa.ytz—f,f,.D,{coa.rD^x)»t, (954) 

(955) 

ff . cos.r D, xD,1x=f.D^z c,M.r»:^frf^ . D„ {coa.yD,%yt\ 
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whence, bj regirdiag only tfaa tenns nnder the double sign of 
iniegration, 

0=D,(coB.y2>,i)4-/),(co8. 1 D,z) 
=co6.r{Df^^iytz)+DizD^.coa.r+D,zD^co8.r. (956) 
But 
i>, . COS. r = i>> . (D, s» + /J, «a+i)— 1 

= — coa.3 y{DtzJ)lz-\-Dt»Dl,, a), (957) 
©,.008. 1'= — cos.3)-(i>,zi?;.,a;+I>,xi)Jj); (958) 
which, subitituted in (956), give by (952), 
P^ (l +gfg°)iy.g— gP»a;PygP', ,» + (l+-I>,:^)i>;a ; 

-i+^ (959) 

•r ('=. — «; (960) 

so that this surface is one in which every point is a case 
of ^ 158 ; that is, in which Ike curvatures, in directions 
perpendicular to each other, are equal and opposite. 

The plane is the most simple instance of siich a sur- 
face, but there are other examples to an unlimited ez- 



167. Corollary. The comf^ete determination of these sur- 
faees maat be reserved for a chapter upon the integraUon of 
partial difierential equalioDs ; but the following ingenioaa con- 
Kraction, proposed by Monge, notwithstanding its obnoQS want 
of practical utility, which was acknowledged by its author, is 
17 
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CnailruGlioB of miDimum aurTace. 

■nfficient to exhibit the posnbilitj of sncb a surface, and pn 
some idea of ita nature. 

Let any curve line, of single or double curvature, be drawn 
at pleasure ia space. Produce all its radii of cuivature 
towards the opposite side of the curve from the centres of cur- 
vature, and to a distance from tbe curve exactly equal to the 
corresponding radii of cnrvalure. The given curve line may, 
then, be assumed as a line of cttroature of the required sur- 
face ; that is, as a line which lies upon the surface and has al 
each point, the same curvature with the surface in the directioa 
of this line. The produced radii of curvature, will be the radii 
of curvature of ihe surface in directions perpendicular to the 
given curve; and if the extremities of those produced radii, 
which are ihe corresponding centres of curvature, are fixed, 
and if all the points of the given curve are rotated with the 
radii about these centres, moving in planes perpendicular to 
the given line, each element of the given line will describe an 
element of ihe required surface. The given line in its new 
position will acquire a new form and become a new line of cur- 
vature, from which another elementary zone of the surface may 
be described by a repetition of the above process. 

The small arc, through which each point of the curve must 
move, ia not arbitrary, but is limited by ihe condition that two 
successive radii must be in the same plane, so as to meet at 
the centre of curvature. 

168. Corollary. If the given curve of the preceding con- 
struction were a circle, the resalting surface would be a sur- 
face of revolutioa about an axis perpendicular to the {^ane of 
the eirele and passing through its centre. The particular form 
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Hioimum (urfnee of reTolutioD. 

or this surface maj be iDveBligated by takiii|; the axis of a for 
that of revolutioD, so that if 

«=»" + »', (Ml) 

z will be a function of tt, and will contain no ottier fuDction of 
X and y. Hence 

P,* = 2y/),2, I 

I^z=2 D.z+4yaD^zj J 

Whicfa, Bubatituted in (95S), give, bj dividing by 4 cos.a y, 

B. » + 2 « /). «■ + « 7); « = 0. (963) 

By putting o = V, (964) 

"'»" C,. = J-i).,, ^ 

" 1 1 > (9<B) 



(9««) 



(96?) 

tke uitegral of which is, bj introducing A as %d arbitrary con- 
*ant, 

log. J=log. o+log. D, a-log. V ( l+i>. «»). («8) 



liicli.iu 


batituled 


in (963), 


give 








i>. 


'i-D.'- 


- + « 




0. 






tt 


Hence 


= 


-\+n 


D'.x 


?- 







= 


^+# 


i_D. 


Tn-. 


X 
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MiDimnm >[irfoc« of raTolntioii. 





V -V(l+D.i»)- 






Hence 


Dr ^ 








"■' y^i^-A')- 




aadif 9 » taken BO that 








i.= 4Co.. ,, 






(970) gifea 








o. 


. z=Z).x.i>ft' = ^Sm 


■V 


D, 




= ''^»-'-zffir,= 


A, 






' = A,; 







and the eqa&Uon of the iur&ee is 

M/{^+^) = AC«.i 



= Jj(.*+.-^)- 
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General eiproaaion for tbs aleiiieat of Tolume. 



CHAPTER IX. 

THE CUBl.TVItE Or SOLIDS. 

169. Problem. To find the measure of the volume 
of a given solid. 

Solution. Let the conditions of the bounding line be ex- 
pressed bj an equation between three variables, I, m, and n. 
Suppose two surfaces drawn infinitely near each other, in euch . 
a way that n is constant throughout theii extent. If, then, V 
denotes the required volume, we have 

d, V=: the lamina included between these two surfaeea. 

If two other surfaces are drawn infinitely near each other, id 
such a way that m is constant through their extent, we have 

d^d, K^the small solid rod included between these four 
BUT faces. 
If tinro more surfaces are drawn infinitely near each other, in 
sach a way that I is constant throughout then extent, we hare 

■'i d^ d. F^ the infinitely small parallelopiped included be- 
tween these six surfaces. (^S) 

If s' denotes an arc of the intersection of two surfaces for 
vhich m and n are constant, s" an arc of the intersection of 
tve surfaces for which I and n are constant, s'" an ar« of the 
iDtersectbD of two surfaces lor which / and m areconstant; 

17" 
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OaDaral axpraMioii for the alemeiit of toIuiis. 

and if d is the ioclinatioD of s," to i'" at the poiot of meeting, 
a" that of i' to j'", and ei" that of «' to i" ; and if i is the in- 
clination of ('" to the surface which includea %' and %" ; the 
fiidea of the Bmall parallelopiped will be ds', d s", d s'" ; 
the face which includes d a" and d i"=: sin a"' di' d)f 
the distance of this from the opposite face ^ bid. h ds'" ; 

whence 

d, d„ d, r= sin. of" BID. 6 ds' ds" ds'". (976) 
But / is the onl; variable in s', m the on); one in s", and n tlie 
only one in i'", whence the accents may be neglected, by di- 
viding by dl . dm , dn, and (976) gives 

(977) 
U? ,,,. y=jD,.D„ . i?„ V= sin. a'" sin. 6 i), » . D^s.D,s\ 

ID which Dt i, D„ s, and D„ s may be deduced from the gen- 
eral expressloD for the diSereotial of an arc in apace, by pat- 
tiQg successively each paii of the quantities I, m and n, equal lo 
zero. The value of V is, then, the third inlegra] of (977). 

170. Corollary. If one of the vertices of the parallelopiped 
ia taken for the centre of a sphere, a', a", a!" will form, by the 
intersection of the sides of the parallelopiped with the surface 
of the sphere, a spherical triangle ; in which ( will be the dis- 
tance of a"' from the opposite vertex. 

Hence, if A' ia the angle opposite a', and. if Jf is the ratio 
of the sines of the aides to the siaes of the opposite angles, so 
that 

J„ = '»l4. ,9,8) 

Sin. a' ' ' 
wa have 

sin. b = Bin. a" sin. A'= Jf ain. tf Bin. a" j (979) 
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Cnbature of Mlida of HToIuiion. 

and (977) beoomes 
7>!...,.r= JfBin.o' Bin. o" Bin. <£". D,& . D^s -. D.s. (980) 

171. Corollary. If /, m, n are the recUngalar cooidin&tes 
X, y, z, we hate by (7SM), 

dja = rfi»+</yS+d*» (981) 

a' = a" = a"' = l'r, Jf=l; (982) 

and (980) gives 

Di.,„V=l, (983) 

y=MJ. 1 =f.f,z=f.f,S=^f,f.^. (984) 

ITS. Corollary, If /, m, n are the polar coordinates of 

§73 of B. I., the equations (31, 32, 33) of vol. I give, by put- 
ting 

' u^r sin. 9 ^ 

y=iieos.« C (985) 

^ = 11 sin. I, ) 

i(j»-(-d«»=i»'-(-t.>ii(" (986) 

= dr'+r'di' + r'm.'rdf, (987) 
B;,,.,F=r»sin.», (988) 

''t/? ., -^ '"»•' =-:/T . i '""»■'-*/''. /"°-'(^'' 

173. CoroUary. If the coordinates aie.z, u, d of the pr^ 
ceding coiollary, (987) gives 

«...fl»'=« (990) 
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VoluB* of apbaN, allipMnd. 

174. CoraUary. If the given solid is one of revolutioa iboot 
tbft axwx, of which & segment is required formed by two planet 
perpendicular to the axia of reTolulion, x ma; be aubatituted 
fiw X in (90t)i and the integrals relative to i taken from to 
a T. Hence 

V=^'^fl ^.u=n f_^.u^ = 2'^r.zu. (992) 

175. £XAUF[.EB. 

1. To find the Tolume of the segroent of a sphere. 

Solution. If R \i the radius of the aphere, and If the aiin 
of X ia perpendicular to the baaes of the aegment, (992) gives 

= nR^{z-z„)~^^(^^^), (993] 

Corollary. The soliditj of the aphere ia | » R^. (994] 

2. GiTen the volume V of a solid included within an; sa 
faces whatever, the combination of which, considered aa oi 
sarface which in general ia discontinuous, is represented I 
the equation 

F.(i.y.*) = 0, (991 

to find the volume P of a aolid included within the system 
surfaces 

F. {^-, |. ^) = 0. (996) 

Ans. V'=:abc V. (997] 

3. To find the volume of the segment of an ellipioid in- 
cluded between two planes drawn perpendicular to either of 
the aies of the ellipsoid. 
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Volume of Ityperboloid aod paraboloid. 

Ans, IT A, B, Cue the aiesofthe ellipstnd, if the planes 
are drawn peipendiculai to the axis of C, and if F ia the 
adidit; of the segment of a sphere whose radius is unity, the 
segment being included between two plsnes drawn at the dis- 
tances^ and -^ from the centre, the required volume is 

V'=ABCV. (998) 

4. To find the volume of the segment of an bypeiboloid ia- 
cluded between two planes drawn perpendicular to that axiS) 
for which the sections made by the planes are elliptical. 

Am. If C is the axis perpendicular to the planes, and if .^ 
and JB are the other two axes, the required Tolume is 

T=i-^(^-4)±''AB{.,-^.), (999) 

in which the n[^r sign corresponds to the hyperboloid of one 
branch, and the lower sign to the hyperboloid of two branches. 

6. To find tbe volume of the segment of the parabcdoid, in- 
cluded between two planes drawn perpendicular to tbe axis of 
2, the equation of tbe paraboloid being 

(i)+(|) = C. (U) 

Am. In ABC (*J— aS). (2 a) 

6. To find tbe volume of the segment of a solid of revolu- 
tion included between two planes, drawn perpendicular to the 
axis of revolution, when the revolving arc is that of a cycloid 
about the axis of z in (130) of vol. 1. 

Ant. y=:^B*« (sin. 3 9,— sin. 2 *»)— S .R>" (sin. fl,— sin. a,) 
+ 8«9„(fl^_fl^). - (8,j 
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Solid of leul aurfoca. 

7. To find the volumo of Um R«gmeDt of the toltd of rero- 
iutioo of ^ 174, when 

« = BCos.J. (4a) 

Am. F=i-AB*«(siii.®-|'„Sm.^\+iB2™(^,-i,). (5a) 

176. Problem. To find the maximum or minimum 
vciiume iffhich can be include by a surface drawn under 
given conditions. 

Solution. SiDce the general expression for the volume is 
reduced to the form of a double integral, thia problem ia pre- 
cisely aimilu in its lolDtioa to that of ^ 165. 



ITT. ExAMFLKS. 

1. To find the maximum or minimum volume, which 
can be included within a surface of a given area. 

Solution. Since the double integral (984) is to be a maii' 
mum, while that of (811) la to be constant. We baie, b; 
^ 166, if ^ is a constant multiplier, 

or 1,11 ,„ , 

that ie, the surface is one for which the sum of tht reajh 
rocats of the greatest and least radii of curvature at eaiA 



l;,GOOt^l>J 



% 177.] CUBATDBX or IOLIS9. SOS 

Bolid of tsvolatioD of lent lurfMa. 

pontt ia constant. The general equation of this sur- 
face has never been obtained, but the sphere and the 
cylinder are evidently cases of it. 

8. To find the Bolide of revolution which are solations of the 
precediog problem. 

Sohtlion. Let the axis of z be tiiat of revolution, and by 
patting 

« = V (x= + y«). (81) 

(7 a) becomes, by metuis of (952), 
D.^+D„^+uDta_ 1_ D.s 



Let be takea so that 



(9.) 



(10 a) 



whrace 

log. V = log. ti 4. log. D,t — J log. (1 + D„ i») ; (11 a) 
the diSerential of which is 

which, mnltiplied by (10 a), gi.ea by (9 a), 






K' 



(13.) 



■(i+o.i«)J~V(i+o.iT (i+X".!")*" 



The integral of tbta equatiOD is 
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Solid of reTolntioB of l«Mt MiHite*. 

in which S is an ubitruf constant. But if t is taken m thit 
D.z = (xA.r, (16 a) 

(10a and 14a) gire 

t> =« COB. T, (16 a) 

cos.T = _JL.4. J, (17a) 

V(^-^ + «"-'0 = 3^ + f. (18.) 

U =4cO8.T-V(2-^^+-A'«!0«-Ml (Wl) 

n^ X =-A 00S.H- .,- .p, ■■ TT ■ (5*' ') 

* ' v'(2-4B+il'cos.»T) ^ ' 

If e is taken so that 

e — d . (22 a) 

(31 a) gives, by the notation of elliptic integrals, 

VCS-^B+J" COB." T)—^(A''-^^AB) . -*'. (23a) 
2^B 

a=— ^sin,T + (4— 2jB)eFi + 2eS£T; (25i) 

and z may be found in in terms of u, by substituUng (19 a) in 
(26 a). 

The preceding solution applies strictly to that case onl; in 
which A and B have the same sign ; for, when they hare <^ 
poaite signs, e becomes greater than unity, and when B in also 
greater than A, e is imaginary; but these cases are solved 
without difficulty. 
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Greitesl solid under givsD canditioni- 

3. To find the greatest solid of all those foi which 

/,/, aec." r, (26 a) 

has a givBD value, r being the inclination of the tangent plane 
of the hounding surface to the given plane of z y. 

Solution. If A is the constant rouliiplier of (26 a), the equa- 
iMH of the maximum is 

l — A-'Dlz — A-'Dlx =0, {27a) 

which is easily derived from the equation 

sec» r = 1 + i), i^ + D, s». (38 a) 

Let r be taken so that 

z = iA(z + yy + v. (29a) 

wbich gitres 

c;! = i j + O, (30.) 

I^« = JJ + b;,; (3U) 

nbich, rabBtituted in (27 a), give 

i);i. + I);i. = 0. (321) 

Let now 

m=i + y\/— 1, n=x — y^/—l; (33a) 
ud we have 

i>. t. = B. i> + B. », ] 

I>,i. = (D. « — Z>. »)V1, 

K c = CI o + 2 CI. » + 1>:», 
I);i> = — i);» + 2I)l..e — c:oi i 
which, substituted iu (32 a), gire 

DS,,,it = =D^.D„v. (36a) 

18 



. (34 a) 
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Grealeil solid under ^ven coodilioDB. 

Hence D. v is a function, whose diSerential coefficient taken 
relatively to m is conatant, and maj, therefore, be any function 
whatever of n, represented bj JV; that is, 

D.v=N. (36a) 

Hence v=f„N-=f.n+F.m, (37 a) 

in whichy and F are any arbitrary functions ; f . n is the 
fiinclion whose differential coefficient is JV, and F.mSa the 
arbitrary quantity which is constant relatively to n ; thai is, 
which does not vary with n, but may be any function'whatever 
of the other variable », and which ia added u> complete the 
integral. By the substitution of (33 a), (37 a) gives 

«=/.(^ + yV-l) + -F(>^*^^-l). (38a) 

Ifwepnt J' = /'+ t/ — \.F' (39a) 

F=f'— A/ — 1.F', (10a) 

in which f and F' are real functions, the value off becomes 

(41.) 
,=/.(.+V-l)+/.(w-l)+V-lIi'(-+\'-l)-F(»-^l)], 
from which the imaginary quantities will wholly disappear. 
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Order and degree of differantial equalioDB. 



CHAPTER X. 

INTEGRATION Of LINEAR DIFrERENTIAL EQUATIONS. 

178. A differential equation is said to be of the same 
order with that of the highest differential coetficient 
which it involves. 

The degree of a differential equation is determined 
in the same way as that of an ordinary equation, except 
that the independent variables are neglected, and each 
differential coefficient is counted as a variable. 

Thus the equation 
ADlv + BDr-'v + &-c. + A'D;v-\-B'D^v + &c 

+ E DI-" . D; V + Si,c. +ev+n=:0. {42 b) 

ia of (he n order ; but it is only of the Rrat degree, or linear, 
if the coefficients A , B, &c. involve ths independent variables 
X, y, &,c., hut do not involve v, &-C. 

179. Any equation, which is of a less order than a 
given differential equation, and satisfies it by the aid 
of differentiation without the assistance of any other 
equation, is said to be an integral of the given equation. 
The integral is said to be coTttpleie when it contains the 
greatest possible number of arbitrary quantities. 

180. Problem. To integrals several given equations, 
between the variables x, y, z, S^c, and their differential 
coefficients taken with, respect to the independent varia- 
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Linear differaDiiikl eqnsiioni with c< 



ble i, when the given equations are linear, and contain 
no term independent of x, y, z, S^c, and when all the 
coefficients are constant, and the number of eqitations 
the saTne with that of x, y, z, Sfc. 

Solution. If the foUowiDg expressions are assumed for the 
variables 

X = X e", y = B^' &.C., (43 «) 

ID which i. A, B, &.C., are constant, their differentials give 
D,x=Aie", D,y—Bie", & 
J>',x=As'^, my = Bs't", & 



> («•) 



If these values are substituted in the giren equations) these 
equations will evidently become divisible bj e" ', and the di- 
vision by this factor nill free the equations wholly from 
variables, and reduce them to equations between s, A, B, &c., 
in which A and B will have a linear form. If all of the con- 
Btants A, B, &c. hut one, as A, are eliqiinated, the result will 
be a single equation involving A and s, in which A, however, 
will be a factor of the whole equation ; so lluit the diviaiiNi of 
this equation by A, will lead to a final equation, involving no 
Other unkn(!wn quantity but s, and which will serve to deter- 
mine $. Let the equation for determining s be denoted by 

S = 0, (45 a) 

and each root of it will give corresponding values of A, B, 
&c., or rather of their ratios, and thence valaes of z> y, &,c., 
which will be integrals of the given equations. 

181. Corollary. The number of integrals found by the 
preceding process, will be the same as that of the different 
roots of the equation (45 a) ; but all these integrals can be 
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linear differential equation! with conilaDl coeffieienM. 

united into one expression. For it is evideot tbat, if z,, y, , 
&c. denote any one of these sf atems of integrals, 

x=Lx.+L'x,^6i.<i., y=Z,y,+ i'y,' + &,c. (46a) 
will also be a system of integrals, in which L, L', &c. will 
be arbitrary ; for the linear form of the given equations will 
caaae the multipliera of JL, £■', &c. to become the same func- 
liona of z, , y,, &c., which the whole equations are of z, y, 
&c. ; and therefore i, , y, , &.c. will satisfy (he equations in 
the same way as they do when they are by themselves.; that is, 
the aggregate of the terms dependent upon them will be zero. 

18S. Corollary. If the first member of the equation (4Sa)- 
is reduced to the form 

5-'+ a s-^" + &c., (47 a) 

the expressions 

will, by the notation of the residual calculus, include all the 
terms of (46 a), provided that the residuation is performed 
relatively to s, and that A, B, C, &c. assume a new system of 
values for each root of S. The forms (48 a) might, indeed, be 
directly applied to the integraiion of the equation, by perform- 
ing the differentiation under the sign of residuatiofl. 

183, Corollary. It may be remarked, that A, B, &c. are 
integral polynomials in terms of s ; and if, indeed, they were 
Dot BO, the multiplication of each of them by their common 
denominator would reduce them to such polynomials. Neither 
of them is a polynomial of a higher degree than the (n — I )3t ; 
for if either of them were of a higher degree, the division by S 
vonld reduce such a term to the form 

QS+R, (49 a) 

18* 
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LiDeor diOersDliil equatioDs with coDitaot eoefficieoti. 

in which R, tlie remKioder of the diriBioD, mast be of & len 
degree than S ; aod (49 a) ia b; (45 a) reduced to JR. 

184. CoroUary. If the values of A, B, &.C., in (4Si], 
change their values for difierent roots of S, oiilj bo far as the; 
should (o conform to the sign of residuatioD, the values (48 a) 
will involve only one arbitrarj constant, which is a factor of 
each of ihe quantities A, B, &c. But if this arbitrary coi>- 
stant is reduced to unity ; and liA, B, &c are then multiplied 
by the polynomial 

-s-'+^j-^+fcc, (50a) 

in which a, f, &c. are arbitrary constants, the requisite num- 
ber of arbitrarj constants is again introduced into (48 a). Tiie 
values of (48 a) may, by the process of § 183, be reduced lo 
the form 

(51.) 
_f {L,^M,IHr&,c.)^ ■. (I,,.+Jf,f+&o.V" 

'-<- ((«)) •»-«. ((«)) • °- 

in which L,, L^, M,, My, &c. are integral polynomial 
functions of 5, neither of which exceeds the (n — l)Bt degree. 

185. CoroUary. The differentials of (51 a) become, bj the 
same method of reduction, 



"" '- ' ((sj) 
f (r;. + «; ' i'+&c.)." 

„ .. W. + Jtif + to.)^ 
v.y-L ((«„ 

&C. 
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IntegTBtioD of linew differenlial equalioa* wilfa eonilanl cocffidenti. 

186. CoroUarjf. If s, , jr, , &c ; 'o , yi i &g. ; x|,' , &,c., 
represeal the values off, jr,&c.; i>, s, i>, y,&.c; 2>Ji:,&c. 
whea t vanishes; and if 

eqnatioDS (51 a and 52a) give 

x;,^H:a-\-i;?-\^c, &c 5 ^^"^ 

If the namber of the eqaationa (54 a) ia taken equal to that of 
the constant ", ?, &.C., the values of ", ?, &c., may, by the 
nsual process of elimination, be found in terms ofz^ , y, , &c. 
The eipreasions of », ?, &c. in terms of x^, y„ , &o. will 
clearly be liuear fuoctions of <>, P, &.c. ; so that if these values 
are substituted in (51 a and 52 a), the expressions of x, y, &c. 
will contain ^o > yo > ^''•i if ^^^ same linear form in which 
they now contain a, p, &.c. The values of a, 9, &.C., in (61a 
and 52 a), might, then, have been assumed at once as identical 
*'''' *o > Jo ' ^'^■' *"'' '*'* corresponding values of i, y, &o. 
would be 

- U r„ + X; »; +fc c. + Mx y , + &.C. 

„ - r A^o+-t-;^+&''.+jf,y„ + &o r <^'J 

^-i- ((»)) 

&c. ; 

in which, it may be observed, that the values of Lx, Hz, Slc 
ve enUrely distinct from those in (51 a and 52 a). 
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Ruidual inlegral of a ralkinkl rraclion. 

187. Lemma. If i'' denotes the value which zf.x 
acquires when x becomes infinite, we hare 

F=mf.x)), (56a) 

whenever f.x denotes a rational fraction, of which the 
degree of the numerator is less than that of the de- 
nominator. 

Proof. It follows from (^16 aad 319), ibat, in the preseot 
case, 

/.,= £(^, , (.7.) 

the product of which by x is 

,/.. = tiM^'). (68.) 

Bat when x is infinite, (58 a) becomes 

■f =£((/■ »)) = £((/■«))• (59') 

188. Corollary. When the excess of the degree of the de- 
nominator off.x above the numerator is greater than unit;, 
(69 a) hecomes 

0=£((/.z)). (60.) 

189. Corollary. When the exceas of the degree of the de- 
nominator of y. X above the numerator is exactly unity, and 
when y. X is of the value (217), (59 a) hecomes 

I = £((/■'))■ («'■) 

190. Corollary. Since, when t becomes zero, the valaesof 
X, y, &C. (55 a) are reduced to x^, i/^, &c, ; the poljoo- 
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fotegTsllon of linear difierenlinl equBlions wilh conslanl coefficienu. 

mials Li, M, , L^ , L',, &c. must be of a less degree lliaii 
the (n — l)th ; while Li , M^ , &c. must be of the form 

^' + S5-" + &.c. (62 a) 

The form of s Lt is, therefore, 

J" + J s-> -f tc. ; (63 a) 

so that, by (47 a), $L^—8 (64 a) 

is of a less degree than S. We haTe,/then, by denoting (64 a) 
bj Z^, , 

Bat when t vanishes, J>, i is reduced to x^ , and therefore 
i Li mast be of the form (62 a), while L^. , s JUx , &c. must 
be of a smaller degree. We ha?e then, again, by the dilfereD- 
(ia^n of (65 a), 



ud a similar train of argument may be continued to the higher 

differential coefficients. 

191. Corollary. If, in the given equations, there are 
Bubstituted for x, D,x,D] x, &,c., the quantities contained 
nnder the sign of residuation in (55 a, 65 a, 66 a, &.O.), those 
equations must be satiaQed. The reverse process, therefore, 
of substituting for D,x, D,)/, &c., not s x, sy, &c., but 

• * — x^S. — , ay — -y^S-^, &.C., and for D^,x, &,c., 

»* I — (a:J-|"'*o) "^"e'^^-i """^^ B'*'^ again the pans of 
>ijr, &c. in (55 a), which are under the sign of residuation. 
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192. Corollary. If ^ be taken to denote the expression lor 
S when D, is substituted for i, and if 2L, Jtt, Sic, denote ibe 
expressions which L, Jf,&c. ssaame by the E»une subslitiidoD, 
and if ^ be taken so that 

« = £,^, («.) 

''' = ^*(W) = °^ ""' 

and the values of z, y, &.c. (55 a) will become 

y=(a,io+2LJ «o+ &-C-+ JW,yo +&C.) ©, 

in which 2U &'C- ^f^ not proper factors, but express fuDctional 
operations to be performed. 

The value of f would be obtained by eliminating x, y, &c. 
directly from the given equation, in which process D, , i>f, 
&c. are to be treated as though they were factors. The values 
of I, y, &c. (70 a), will then be obtained by the same procen 
of elimination, from the equations, which are obtained fmn 
the given equations, by substituting 

D.x — t^ F e for D,x, ■\ 

This is Cauchy'i method of inUgration, and the fonclion ^i" 
called the principal function. 



{70 a) 



l;,GOOt^l>J 



>194.] 



I^inear differenlial equstionB nilh conalant coeffioietllR. 

193. Corollary. When the equation (45 a) has several 
equal roots, the corresponding Bjstems of taluee in (46a} 
would seem to coalesce into one. This loss of terms, and 
thererore of arbitrary conetants, is, however, unDecessarj ; for 
if the roots s, s", s", &c., inatead of being equal, differed inii- 
nitelf little from each other, so that 

s'= s + k, s"= s'+ A'= s + A + A', &c., (72 a) 
in which A, A', &o. are infinitely email, we shall have, by 
(416) of vol. 1, upon putting 

B = A'h, B'=A"h', C = B'A, &c., (73a) 

' > (74 a) 

ylV'=.4V"+B'(e'''=^V'-f(.d"A4-B')i«"+C(ae"> 
&c. 

The new terms, multiplied by t, fi, &c., which are thus in- 
troduced, are just sufficient to replace those which are loat by 
addition. These very terms are also introduced by the prpceas 
of residuatioD, for this process requires, by (182), one or more 
differentiations, whenever the roots are equal, and each dif- 
ferentiation will have to be applied to e" in (65 a). But by 
(481) of vol. 1, 

Dre" = r«". (75 a) 

whence the differentiation will, evidently, introduce the re- 
quired terms. 

194. Problem, To integrate several linear differen- 
&al equations between the variables x, y, Sfc, and their 
diferential caeffidents taken relatively to the independent 
variable t, when all the coefficients are constant, the 
terms tohich are independent of x, y, ifc. are given 
functions of t, and the number of the equations is the 
lame with that of the variables. 
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Solution. When the funclioaa of t are reduced to zero, 
this probleni coincides with the preceding one; and if £, i, 
&.C, denote the corresponding values (70 a) of x, y, &c 
obtained by the preceding procees ; while X, Y, &e. are pai- 
ticular values of z, y, &.C., which satisfy the present problem, 
the values 

i = £ + X, y = ',4-r, &.C. (76a) 

are complete values of z, y, &c. for £, v, &.C., involve the re- 
quired number of arbitrary constants. 

The probteiD is reduced, then, to obtaining these particolai 
values of x, y, &.c. For this purpose, let the subaidiai; 
quantity r he introduced, and let 

-,='-'-= imr <"'' 

so that 9^ is the value which B assumes when t is changed ioto 
( — T. If, then, X, "S, &-C. are the values, which {, i, &c 
assume, when e is changed to S^, and when for Xg, x^, jr,, 
&c. are substituted ITi , ITi , ^,, &,<i., which are functions 
of^T, and if (he integrations in the following formulas are per- 
formed relatively to t, we may put 

X=fi X, r=fi ¥, &0. (78a) 

The differentiation of (78 a) "Velatively to t, involves not only 
the differentiation of X, F, &c., lender the siga of integration, 
but also the changes arising from the change in the limits of 
integration. If then Xi, "X,, &c., are the values which 
X, 'S, &c., assume when i ia changed to t, the differentiation 
of (78 a) gives 

D.X = pe.-\-fiD,x, ^ 

D, ¥= V, +/i D. IT, &c } ^'^'^ 
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If, again, we put 

X' = />,X, •s' = Jy,S, (80a) 

another differentiation of (79 a) gives 

i>! jr = D, X, + X', +/; p; x, &.c. (si a) 

By the substitution of X, Y, &.c. for z, y, &.e., in the given 
eqaations, the tenna under the sign of integration must dis- 
appear, for the terms under this sign in the values of JT, D, ¥, 
&c, differ from the vdues of i, v, &c. in nothing but the com- 
inon factoT e~", and the writing of the particular forms ITi . 
Si, dec. for Ihe arbitrary constants z^ , xi, &c. 

The substitution of t for t reduces e^'—^i to unity, and if 
Ti , 7^ , are the same functions of t, which 2Ci and {Ti are of t, 
we have, by ^ 190, 

_ ,J . t. + l; r.+iic+jf. r,+& »._ •) 
*-"' Pi) "" 

... _ r £.■ r, +» .Lj rrrito.+. Jf, r,+&c . ,„. ^. W®"') 

!^"^ , «*» " J 

V, = T,, &c. -^ 

Hence, by the omissioD of the parts of (78 a, 79 a and 81 a), 
which are under the signs of integration, they l>ecome 

F=0, D,r=T,. &c.; \ '^'' 

and the suhstitntion of these values in the given equations, 
reduces them to linear differential eqaations in wbieh Tx , T^, 
Tf are the variables, and the order of the equations is leas by 
one than that of the given equations. Thus the nutnber of 
these variables being greater than that of tlie equations, 
19 
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enables us to take ceriuD of them at pleasure. Thus of Ibe 
quantities %, T',, &c., all but oae may be supposed to be 
zero ; of Ty , T'^, all but one may be zero ; Bod in the ume 
way with the others. 

The selection of the quantitiei T, , &c., which are to re- 
main of a finite value, is immediately fixed, by the consideta- 
tion that the resulting equation should be of as low an order 
as possible, It is generally possible to select those quantities 
which correspond, respectively, to the highest order of diS»- 
rential coefficients of z, y, &c. ; and with this selectim the 
resulting equations are wholly free from difibrentials, and are 
solved by simple elimination. In any case, however, it seema 
possible t« make a selection which will avoid the necessity of 
integration. 

195. Corollary. When s is nothing, the values of X, Y 
must vanish, as well as all their differential coefficients of u 
order inferior to those which correspond to the quantities in the 
series T^, Ty, &c., which are retained as finite. Hence ibe 
corresponding values of x^y, D,x, &.c. will be reduced (o 
Xg, y^, z^, &c. 

196. Examples. 

t. To integrate the differential equation 

D^x-i-a Dr' x+Si.c.=U, (84a) 

in which I/' is a funcdon of t. 



Solution. In this case, the value of r b 

r=ii>? + ai>r'+&c. =f.D,\ 

::....X«C>^I. 
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Lineir differential equationi with coDitaot coefficient!. 

Hence S = i" + a i'-^ + &o. =f.i, (86 a) 

by t&kingy. to denote the integral function, which conatituteB 
the second noembera of (85 a and 86 a). We have alio 

' = Ci- = t£;. (87.) 

and the eqaation for determining ^ is, by (71 a), 

-K(-Dr'+oi>rH4«5.)-n; (i>r*+«i^+&c.)+&c.]^ e=o 

or (68 a) 

F 5-[z,(i>r^+aI)r°+&c.>M;(i>r'-HiI^+&c.)+&c.]f e=0 ; 
whence (89 a) 

i=[j,(i)r'+oi>r^+&c)+«;(i)r"-Hi jDr»-i-&c)+&c]». 

I( in the deTel<^ment of the expression 

t^- <-) 

the exponents n, n — I, &c. of Zg , are regarded as expressing 
the number of accents, and if the term nhich does not contain 
Zg ia multiplied by z^ the value (80 a) may be expressed in a 
more simple form ; for we shall bare 

(91a) 

To obtain the ralae of X, let US be the value which V 

assumes when t is changed to *, and by omitting tbe accent of 

Tt as tuinecesBary, we have by ^ 194, if we enppose all tbe 

qaaatities in the series T, , &e. to vanish but tbe (n — I)al, 

T,=V, C, = «; (92s) 
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whence, by (78 a, 76 a and 91a), 



2. To istegrate the differential equation 

J);i — (o + 4) D; I + a 6 I),. = c(. 

Solution. In this case, we have 
«=,(.-.) (r-i) 

f_ f-Dr-f.'. _ . ».[rMa+t)i-h. i]-»; [.-(»<-t)l-l-»; '.. 
'-!),-<.„'-<- . ((>(!-«) (i-4))) 

° + i . , 1 „ 
" ab ab " 

b'i+': ^ , -i:— < .., 



0(0—6) T^ 6(«— 6) ' 

j-_f,. 9 _ r /!'""^ ' _ f e«"-t(" + l) 
-l-y- .-<'((,(^)(,.6) ))- <-,. ((.(,_„) (,_J) )) 

_ tP ce"— c(af4-l) ce"— c(6< + l) 
~2o6+ o'(o— 4) i»(o— ij 

and x^£-|-X. 

3. To integrate the differential equation 

Z);> — 3oB!i + 3o'Z),i — o=z = Si". 
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Linear ililTersntial equatiooi with canaUDl ooeScienia. 

Sobttien. Id thii cue, w« baTe 

f. D, = (B, — o)' 

S =(>—«)> 

■^^^^=i..(Cr^)«+(i^..)(P,-o)+K-2o*.o'..) 

=[••+' w—«".) +4'' «-2 «»;+'■'«»)]<" 

4. To inlogrftte the diffeiential equaliOD 
D*,x + <fi D,x = b tin. mt. 

Sohtid*. Id tbii c«ae, we hare 

/a A-= (^ + «» ^.) = i>, (I>! + 0?) 

■I'l — *o 



=*,-i — sin. o( + ~a t^ — *"* " ') 
=*o+- Bin. o« + -4^ Bin^tdi 
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Xiinear differential oquationi nith eonilBnl coefficieals. 

_/j68in.iBT.e'(*— ^ ^ -shaiu.mt — m6(co8. mf-n") 

-i- ((>K+«'))) -*- (»•+«')((!(.> + .<'))) 
_ 6 ni6 / cm. wf cot. af \ 



Corollary. When m ia equsl to a, the value of Xbecomra 

„ A , ,6/ sin.ai 26 . , , . , , , , 

X= -j (1-COS. a t) — 5-3- = -gam.5 a< (Bin.Jfl (-j a ( cos.Ja f). 

5, To int^rnte the differential equBti<m 

2)» 1— {a+6) D, i+fl 6 X = A (S^Jt e~'+J Bin. « (. 

o — 6 "'' a' 6* 

2»«" 



o^fta ~o6~as(a— 6) ft« (a— i) 
k f"' it" >■ -" 

T^ /« ^\ fiH ft\ tn,-n\ (n^W 



(m-a) (»v-i) (M-a) (a-b)^ (m-b) {a-b) 
. , l{ab — n'i) BJa.n t+n I {a-i-b) COB, nt 

I - I"^" l"'" 

-^ {a'+n») (a~b) (J«+«a)(a-6) ' 

When in ^ a, the terms multiplied by It become 
tit" t(." — t") , 
a_S (a— i)« ' 

when >n ^ (, the terms multiplied by k become 
iH." t(»" — o 
11—6 + (0— »)' ' 
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Linear differential eqnaliont with eoniHiii ooefficienU. 
6. To inlfigrate the difieiential raiuation 

Ans. a; = Iq e" + {x!r~a x„) ( e" 



When m = a, the tenns mnltiplied bj it become 

7. To integrate the differential equation 

iy,x-i-a'x = lit'-\-ke'^-^lBia.nf. 

Am. «= -sin. ot+z. coi.o(+-{o" (' — 4 Bia.a ial) 



Wtien tt = a, the term mnltiplied by / becomes 

■j^ <■'»•■■'-"'"■■'")• 

8. To integrate the differential equation 

W » = I. (95 a) 

Am. .=!(«, +>:;)(e'+r^)+i(«a^;")(«'-r^) 
+ 3 (*o — ^o) 008. t + i («• — *o") Bin. * 

= 4 (•,+ »'■') coe. < + J (i; + «■;■) Sin. 1 

+ J(ii— rf)oos.< + J(4 — «'f)iiin.(. (96a) 
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LiBMT diffeientwl equtioDi with ooBtUmt co«ffioi«iili. 

9. To inUgrate iha diSerentitl eqaatioo 

iTt ' + « = 0" (97 ft] 

Am. t;:=ux^ + Dlu.^+If,H.afi-i-D.u.x'll, (96li) 

inwhieh itt=Ox.(»/^.t)coB.{»/i.t). (Wi) 

10. To integrate the differential equation 

D-x = x. (l.b) 

Ans. I— wt,+ D7-'ii.i; + D^.xi' + &C, (2b) 
in whidi, when n is an odd nambar, 

« = ir«. + 3a.e"'**' » coBYi«in.?-^)T {3b} 

where x denotes the sum of all the terms which are obtained 
bj sabatituting for m all the inlegers from 1 to i (m — 1) in- 
closire. Bat when s is ah eren number, which is not diTiiiUe 
by 4, 

(4 b) 

ti=?rCoB. (+3 r .CoB.(f cos. ?^y cosYt Hin.?^n, 

where x denotes the sum of all the terms which are obtained 
by Bubslituting for m all the integers from 1 to } (^ n — 1} in- 
clusive. When n ia divisible by 4, 

(5 b) 

u=TCoa. (+COB. (+2 i.Cos. (t cos. — "^ . cos. (t sin.^^1, 

where s denotes the sum of all the terms which are obtained 
by Bubstituting for m all the int^ers from 1 to ^ n— 1 inclu- 
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Linear differential equtiodi with constBDl coefficients. 

11. To integrate the differentia] eqaatioo 

i>^ I -J- X = 0. (6 b) 

Ana. a: = «ac, + i^«.i; + 2>r't«.«i' + &o., (7b) 
in which, when n is an odd number, 

(8 b) 

.i=i[^^2 :..."- <^—^>icos.((sin.(2«-l)|)] 

where i ia naed as in (3 b). When n ia an even number, 
which is not divisible by 4, 

(9 b) 

t(--rcos. (+2 a.Co9.(( COS. {2 m-l)-\<nn.{t sin. (Sni-l)^) J 

where s . is used as in (4 b). When n is divisible b; 4, 

«=l[j.Coa.(ico8.(2ni-l)^)coa,(isin. (2m— l)J)l(lOb) 

Inhere s . denotes the sum of all the terms which are obtained 
by BobBtitntiDg for m all the integers from 1 to ^ n inclusive. 

12. To integrate the differential equations 

in which JT and Y are functiooa of t. 
Ans. In this case we have 

r = (2)!. + »)(B; + i')-«'5 (ISb) 

» = (■' + «)('» + »')-<" (13b) 

i= [(D;+S>i+(0»+S'B,)i,— Sy^-4 J, D,J 9 (14 b) 

,= [(i);+a)yl+(I);+oi),)j,,-o'.;-a' j,i),] 9,- (15b) 
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Liii«4r differaBlUI •qtutioiu with conitant coefficUnu. 

and if 

. = }(» + »'). n' = i{a-b'y + ,Jb, 

(16b) 



2«V ("•+») 

If. «1m, Xi IE* ftte tbe ralaea of JT, F when t is changed 
to T, and if the integrala in the following expiession are taken 
relatively to t, 

-■/•^■ "'w"w'^ "°-"-'^"'+"' <"'' 

— '—' ■"!. ((— r)^(«i_») 



2 n \/ (ffi — n) 



wehaTe i = S+S', y=f + v. (30b) 



cGoo^k 



^ IST*.] LINEAR DimUNTIAI. E^UATIOKS. S37 

Uneu dIScriDtial eqa&tioDi with conitant coefficients. 

When (m — n) is negatire, — ^-jri r^- and cos.t^(m-n)t 

are to be changed to ^'°'^^"~"^' and Cos. ^{n-m)t. (21 b) 

When m-j-n is negative, — ' . , ■ and cos. ^(m-f-n)* 
»/[m-\~H) 

are to be changed to ^"^^^7^^' and CoaV-{m+n)t. (32 b) 

TiTL I . Bin.v'(''> — »)' J « 

When fR and n are equal, y-r^ ^~ ■••" cos.\/(ni_n)( 

ate to be changed to t and unity. (23 b) 

When m-}-n is zero, — '-y i/". and cob.\/(iji+ii)( are to 

be changed to t and unity. (^'>) 

The changes, which correspond to the case when n is zerOt 
are easily made. 

197. Definition, A fiuduating function, is one which 
constantly changes its value by a finite quantity for an 
infinitely small change in the variable, alternately in- 
creasing and decreasing without ever being infinite. 

This singular function is of great use in the integra- 
tion of equations which involve several independent 
variables ; there is no name in general use, but the one 
here adopted was given by Hamilton, and is highly ap- 
propriate. 

The egression sin. ax, is an instance of such a functioa, 
when a is infinite i and, in this instance, it ia noticeable that 
tbe mean valne of the function is zero. 
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Linear diSerential equaliooi trith cooaUDt eoefficienu. 

198. Theorem. If f^ denotes a function of a- wkick 
is continuous and Jimie within the limits a and b, and 
if Ni, is a fliictxiating function of which the mean 
value corresponding to each fiuctuation is zero, and if 
the integrations are performed relativeli/ to a, we have 

/'••»./.=»■ (Kk) 

Proof, Let the interTal between the limits of the integra- 
tion be divided into portions, each of which is the infinitely 
hdbII extent necessar; foi a single fluctuation ; and let the 
limits of an; portion be P and p -\- 1, For this portion we mnj 
put 

<.= ? + ; {26b) 

and the corresponding integral, taken relatively to ■, is 

r.f,+. /,+.. (2n) 

But by (533) of lol. 1, 

and, by definition, 

/lif,+. = 0. (29 b) 

Hence (27 b) becomes 

But, by integrating by parts, we find 

f'..„^..-j:^tii=tii^lJ2LJ^, („b) 

and the second member of (31 b) is, eridently, an infiniteaimtl 
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FiucldBling fuDctioni. 

of the (n + I)8t order, and (37 b) is, therefore, ati iniiDUesimal 
of the Bame order. The number of all the portions of (35 b) 
is equal to tl? , and therefore the sum of aJl the portions (27 b) 
is ao infinitesimal of the nth order; that is, thissum iainGnitely 
small, and may be neglected, which gives at once the eqaa- 
tioa (35 b). 

199. Corollary. If we take 

fi= f "^ (33b) 

and if^^ is continuous and finite throughout its wh<de extent, 
(25 b) gives 

200. Theorem. If the notation of ^ 198 is adopted, 
and if X is included between a and b, we shall have 

"J!^=-4 =/./. i. (34b, 



/:■ 



Proof. In the identical equation 

ID which I is an infinitesimal, the first and third terms of the 
second member vanish by ^ 196, when this equation is substi- 
tuted in the first member of (34 b). Hence if 

. = «_i, (36b) 

we have 

fl.l^.^f'^^ %;f =/+; ^, (37b, 

in the third member of whicti, the integrations are performed ' 
30 
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Flneinating ranctioDi. 

relalifdj to •. B«t /.^ differs infiDilel; little Grom /., ana, 
therefore, (37 b) gires 

In the eame way, vheaf^ ia unity, and x is zero, 

/.' ^ =/l! ^ • (*"' I 

which, BDbfltituted in (38 b), given (34 b). 
301. CoroUary. Since we baTO 

("3 [a-i")»/-l e- WfoiV-l 



yj ^(«)^-i ; 



(._,)V-I 



(40 b) 



Jf»- 



tbe first member of (40 b) may be aubstituted for — ^^ in 
(34 b), which gives 

/;./; .«->v-i/„ = 2/.y;' -fi^. (41b) 

202. Pro&iem. To find the valae of 

/; 'i!:^. (431,) 

If we pat 



o, (43 b) 

we have 

/' ain. Ca /•' ain. q_ p' ain. g ...,, 

I " ""•/ a a ~~»/ a a ' 

, that is, the first loembet of (44 b) is independent of the valae 
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FlDaluating fiiDotioni, 

of f, aa ]<Hig u C 18 positive ; bo that if ^ u the required Talne 
of (42 b), we have 

D^A=:(i. (45 b) 

We have also 

f' ""■ i* " _ /•' ( 1 + »')""'■ I* « ■ 

J a » J a «(14-»») 

Hence, by putting 

'"■"= i>,B=/;i^ (48b) 

wbence, bj (46 b), 

A = B — D^B. (50 b) 

Thia equation may be regarded as a linear differential equa- 
tion in which P is the independent variable, and its integral is 
B=A+A'/+A"e-I', (51b) 

in which A' and A" are arbitrary constants. The values of 
these arbitrary constants may be determined from the extreme 
nines of Dp B. When ? is infinite, the Talae of (48 b) van- 
' ithes by (25 b) ; but (51 b) gives 

' DfB = A'e^—A"e-^, (52 b) 

which will not vanish, when i* is infinite, unless 

A' = 0; (53 b) 

whence DpB = — A"e^. (54 b) 
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Fl actuating faDetioDl. 

Agaia when p is zero the value of (48 b) is n ; and slthougb 
p may never be supposed quite so small as zero, jel wbeo it 
is an iDfiuitesimal, (48 b) roust differ infisitely little from «, 
and therefore, by (54 b), 

7i = — A", (55 b) 

whence DpB = ^t-'. (56 b) 

Finally, the comparison of (47 b and 46 b) gives, by (56 b), 

B =/2 Dp 3 = " (I— e-f). (57b) 

Hence, bj (51 b), 

S03. Coronary. The substitution of (58 b) in (4l b) gives 

/. = A,/: •/;.""'-'-■/.. (59b) 

provided the integral between the limits a and h is perfarmed 
relatively to a. 

204. CoToUary. Ufa is the same as in (33 b), (59 b) ^vea 

f.= ^fifx ■ ^^^-^-"-V- ^hf'ali *''-"'^-'/-. {60b) 

205. Corollary. In the same way, we should have 

/..f = i'irf.fi-'"-^>^-'f..f, (61b) 

f.., = i<if,fi-i-"^'-^f..r (62 b) 

whence, by substitution, 

/... = <,i-,f A ft Si S eB'-.>*"-n>^-' /.., 
= (5^-)" /..>•>., .I«— Wlf^l^-V,.,. (63b) 
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DiSereatia] eqa>(ionB with constant coefficientB. 
S06. Corollary. In the same waj, 

=(,-S,)'/.'.V.v.».f..*<")->'<!f«-t'<-')]^V..>.r('"'') 
307. OyroUary. Tbe Baceessire diSereatiation of (60 b) 
gives 

and, in the same way, b; the succeasive difrerentiation of 
(64 b), the factor i^— 1 is introduced under the signs of inte- 
gration for each differentiation relatively to z, the factor ,u \/-l 
(or each differentiation relatively to y, &c. 

208, Problem. To find several functions Xt, F, , 
Sfc.of the indepcTident variables t, x, y, Sfc. which sat- 
iajy given linear differential equations with constant 
ooeghdents between various differential coe^fficients cor- 
responding to the different independent variables, and 
vkich become given functions JE„ , Y„ , Sfc. of the va* 
riable x, y, Sfc, when t becomes zero. 

Solution. Let Xi , "S, &c., Xo > ¥^o < &c- represent the 
values -of JT,, F, , &c., X„, Y^, &c. when i, y, &c, are 
changed into «, P, &c. ; so that by (64 b) if n denotes the 
nnmber of the variables z, y, &c., 

^'=(W/.'-", So. . .„ *c. ,['(")+/■»-«+*•• VI X, (66 b) 
&c. 
If now R = L • (67 b) 

represents one of the given equations, in which JS is a linear 
foQction of the differential coeSoients with constant multipli- 
20» 
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DiSareotial cqiuitiopi wiih coailsn I .coefficients. 

«TS, aDd L is a glren function of t, x, y, &c. ; snd if |L de- 
notes ihe Talue of L when x, y, &.c. are changed to a, fi, &c. ; 
and 3R the value of R whea X, , Y,, Slc. are changed to 
Xi> Vii &c., aDd/>,j i>,,&c. are changed to ^V'-l> ''*/-^t 
&.C. ; the equation (67 b) ia changed by the substitution of 
(66 b) into 

(68 b) 

Ci--)"/«.V,&c.i.„&o. cr'<'--)+''(v-«+*''J^-' (K-a)=0, 

which is saUfified by putting 

» = a, (69b) 

and this equation involves no other differential coefficients than 
those taken relatively to I. 

By this substitution, therefore, all the given equations ai'e 
similarly Iransfoimed, and the problem is reduced to the inte- 
gration of several linear differential equations with constant 
coefficienta, in wbicb there is only one independent variable; 
and this integration is performed by the method of § 179 to 
^ 195. The functions to be determined are, in this new form, 
X|,^i, &c., of which the initial values are ^o t ^«> &c, 

209. Corollary. It may be observed that for a coni[dele 
solution, the initial values XI , Y^ &c. of some of the dif- 
ferential coefficients D, X, , D, Y, , &c. should also be giren 
functions of x, y, &c. 

210. Examples. 

1. Integrate the equation 

DIX, + J>[X, = Q. (70 b) 

Solulim. In this case, the substitution (66 b) gives 
_i» X, ^— 1 ■+ If, X, = 0, 
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DiffereDtisI equaliona wilh coDBlant coefficienu. 

wbeDce 

+ -TJ [«-"-'-■ -J (l-v^-S) »*<-'-■-»)" 

+ ^, [e"^-'- J(l+^/-3)e*<v-l-3»' 

- J (l-V-3) el(-'-l+»> , ,]x; , 
If tlie values of Xo > X and X ate written aa folloira, 
X,=/,, X;=D.fi, X-=0'.ri; (71b) 
we have, by (60 b and 65 b), 

X"/i' X.e"'"'-^' e-"^-l=y;y,'X. e'<«-'-")^l=/„ 
f.n X. .'(— V-l el(-'-l±=)" =/.^„=t^_3„ , 
7:/; V Xo' «'(—)-'-' e-""^-! =/U. , 
/;/. i X; ^(-.)V-1 el(v-l±>Mt =/...4^(,^^_3„ , 

whence we have 

-«/^ - i ( l-V-3)/ rfJii-^-Jj. - U '+-'-3)/itl n+v-w) 

+i(/;'-.-j(i+v-3)/.;+i(i-^-!).-i(i-v-3)/'.+i(i+^»)- 

(72 b) 
%. Integrate the equation 

« 6 i^ X, + (a+6) i)', ., JT, + jD! X, = 0. (73 b) 
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Am. With the notalion of (71 b), 



■,=^(a/^, - 6/„, +/;_.. -/;_ 


..)■ (Mb) 


3. Integrate the eqaatiou 




jDix, + 2oi);.,x, + i);x, = 0. 


(75 b) 


Am. With the notation of (71 b), 




X. =/„, + 'fU, + at D..f„.. 


(76 b) 


4. Integrate the equation 




aD.X,+ D,X, = ^H-: 


(77 b) 



Solution. The value of X, in this case is 



{78 b) 



whence, bjp the notation of (71 b), 

-r^/ — r./..t "'"'-'-■ „+„.v^ r- c'l 

The value of the definite integTal in (79 b) is found from 
the equation 

JL y;»^ eK'-")V-l fi«" := e»i , (80b) 

which, multiplied by i e"'' and integrated relatively to x gives 
w 2 e'f*-'">-'-^+-'* e"" 



and this equation divided by e"'' is, by Bubetituling m for o m'. 
., 2 ,H--V-' ." _ a" ,„, 



■^ ~S , /i^.<./-.-t-. ... _ f..-!-— 
i- Joi om'+aJV— 1 "oia'+oo' ' ' 
Lion dr 

J"' m+iW—T" " + <■»' 

cj.iiKcCoO'^lt: 
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DifienntUI aqastion* nitb conitant ciwffioieDta. 

The resulls, succeBsivel; obuined from (62b). by multiply- 
ing by e"' , and. again by Bubstitulbg x — a t for x, reduce ibe 

value of the definite integral of (*9b) to 

'""^'T'""'^ , (83 b) 

m + an ^ ' 

and the value of X, is obtained by Bubstitutiog (83 b) for the 

defioite integral ; so that 

Jr,=/„, +(83b). (84b) 



Corollary. When 


m = — an. 








(85 b) 


(83 b) is reduced to 


,eM«D. 








(86 b) 


5. Integrate the eqnat 


ioD 










aD, 


X, + C, X, = 


;<z. 






(87 b) 


Ans. ^,=/^H-S 


i-}x., + J„: 


.("- 


-i«' 


ip. 


(88 b) 



6. Integrate the equation 

BJ-r, + B;X, = ^.>+(')^i. (89 b) 

(90 b) 

7. Integrate the equation 

o»,J',+Si),J',+Z>,X,=(e"+«rt.i. (91b) 

which, when ni = — a -i + 6 i (93 b) 

is reduced to 

^,=/x-.^ ,-».+/<«*'+*»-<**+"''. (94 b) 
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Differantial wiDstMni with cotHiuii coefficJeoli. 

211. The integration of linear differential equations, 
in wbich the coefficients are not constant, can only be 
performed in Eome particular cases, some of which will 
be found in some of the following chapters. 
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GqiuiioiM of ihe fitu ordar. 



CHAPTER XL 



212. To integrate a given differential equation of 
the first order, between two variabies x and t. 

Solution. Let f be the independent variable, and let tbe 
value of D^x be found from the given equation in the form 

!),« = -"■ (9Sb) 

The integral of this equation muat involve an arbitrary con- 
slant a, from which the valtie of a can be found in terms of 
t and X in the form 

a=:A,, (96 b) 

in vhich Ai is s function of t and x. The differential of 
(96 b) gives 

Q = D^A,.D,x-\-DtA,, (97b) 

Hence, by (95 b), 

0,A, U_iM 

d7a=-s = -Tn' I*""' 

in which >. is wtuUy arbitrary, and may, therefore, be taken of 
nich a value that 

»iV=i>x^,, (lo) 

which g^ves ^ M=DtAi; (3c} 
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Eqmlioni of the 6nt order. 

whence, bj the elimisBtion of A, , 

I^., J, = i), (i JV) = i)r {i M). (3e) 

There is no (^neral process of findiog a value of i which 

will satisfy (3 c), and this problem must be solvecl in each case 

by ihe exercise of the ingenuity. When the value of ' a 

found, ( I c and 2 c) give 

a = A.=S,{}U)=f.{iN), (4c) 

in which a is the arbitrary constant. 

313. dn'oUary. An arbitrary function of x will be added lo 
the third taember of (4 c) to complete the integral, and an 
arbitrary function of ( to the fourth member of {4 c). But 
these arbitrary functions are at once determined by the con- 
ditiona that the third and fourth members are equal. 

314. Corollary. The value of a is usually determined by 
the condition that x is to have a certain value z, , when t be- 
comes T. If, then, A^ denotes the value of A, when f and t 
are changed to ^ and z^ , (4 c) gives 

A, — A^=Q. (5c) 

315. CoroUary. It is often the case that the given equation 
is such that it cannot he reduced to the form (95 b), and in 
this case the whole process must he left to the skill of ibe 
geometer. 

316- CoroUary. If Jif and iV are such functions of x and t, 
that 

M=Mx M, , N=Nx N, {6c} 

in which Mx and JVx are functions of z alone, and Jtf, and 
N, are functions of t alone, the value of ^ may be assumed 
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HoDiOfBPBOal eqaatton. 

For this asBomptioa reduces the two last memben of (3 c) to 
zero. The equations (4 c and 5 c) give 

217. CoroUary. When M and N are homogenons functions 
of the same degree m, the Talne of ' is 

i=(iV. + Jfl)->. (9c) 

Hence ir*=Nx+Mt (10 c) 

B.>= — l'(S+iD,N+tD,M) (Uc) 

i), ' = — "•(« + «AJV+(Z), «) (13e) 

0,(;jf)= — "(Jf JV+J»i2),if— JViBiM) (13c) 

fl,(tJV) = — »"(JfJf— Jf(I),iV+iVli),«). (Uc) 



But, hj putting , = - 




M 

the expression — becomes a function of y alonCi which maj 


be denoted byjf'.wbence 




D,J!f'_X>,lf.i>,,= ii),ir=^L? 


(16c) 


D,U'—B,W.D,y = — i J>, W 




D,M mM 

~ f (»t-i ' 
and, therefore, 


(16 c) 


• J>.Jf= — (i),ilf+«.Jf; 


(17 c) 


and, in the same wa;. 




xD,y= — lD,N+mIf, 


(18 c) 
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InGnila numbarof multipliers. 

which, substituted in (lU c), gite by (14 c) 
D, (i 3l)=—i\MIN-Mt D, N+lft D, ia)=iD,{iN). (19 c) 
Hence (S^c) ia satisfied, and (4 c) gives 

218. Corollary. If i is any /unction whatever of a, and if 
B, is the same fuuciioD of A, , (96 b) gives 

b = B,. (21c) 

It may be shown, precisely as in ^212, that if ^is euch 
that 

t^N = D^B,; (22o) 

n will be a value of ^ capable of satisfying the equation (3 c). 
If, however, bf is the diOerential coefficient of 6 taken rela- 
tively to u, and if B', is the same function of A, which b' is of 
a, we have 

D^B, = B\D^A,, (230 

whence (32 c and 1 c) give 

^N = iB',N or f=iB,'; (a4c) 

that is, the product of any vahit of ^ by any function tehat- 
ever of A, is itself another value of i, 

S19. Corollary. Whenever M and N can be separated 
into such portions M', M", 31'", Si.c., and N', N", N"', &x., 
that the equati6n (95 b) can be integrated when for M 
and N are substituted M' and N', or Jf ' or N", &.C., the inte- 
gral of ihe equation itself is often readily obtained. For this 
purpose, let;i' and^i represent the values of ji and .(4, which cor- 
respond to Jf' and N', i" and A'l those which correspond to 
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Equaliuns of lbs firat order. 

M" and N", &.c. it is neceasarj to find functions V, 7" &.o. 
of j1;. A',' iSm!., which will satisfy the equation 

V /. {A',) = x" ,f". (A.-) = 1'" ^'" (A';-) = &c. (25 c) 

For if the value of each member of (25 c) is denoted by i, we 

shall have 

i M= i- v. (A]) M' 4 I- f" (A.) M" + &.C. (26 c) 
» N= X' f'. {A;) N' + ^" *" (A',') N" + &.C. (37 c) 

Bui, by the preceding corollary, 

D, [I- f. {A',) iV'] = D^ [v V- (A'.) M], &c. (28 c) 

and therefore X satisfies (3 c). 

220. EjCAMPLEH. 

]. Integrate the equation 

{lX'+ T) D,x-\-X+x T':^0, (29c) 

in which ^ is a given function of z, and X' its differential 
coefficient; and T is a given funclion of t, and T' its diffe- 
reatial coefficient. 

Solution. In this case, 

ja = x+xT' 

N=:T+tX' 
D,N=T'-\-X- = D^M, 

and, therefore, (3 c) is satisfied by 
2=1. 
HeDce the required integral is 

= Xt + xT; (30c) 
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EqgttioM or the fint order. 

or if X Kid C a» the valuea of X and T when < and z 
are changed to < and z^ , 

XT+XTfr: = X(-j-2;r. (su) 

S. Integrate the eqnation 

((COfcx + flin. i)I},%-\- sin. i + i cos. ( = 0. {32 c) 
Arts, t sin. z^-(-z^ ein. t^t sin. x-|-x sin. f . (33 c) 
3. Integrate the equation 

%'f D^x-\■k %" /"= 0. (34 c) 

^^- - a-o' + l +^- -F-6--H~~- ^^'^ 

Corollary. When a — a' + 1 = 0, 
the answer is 

6' — 6-1-1 
when l^ — h-^\ =0, 

it is ipw+i — i «-^'+i 



'°g-^+^ 6--;+i ■■ (36.) 

1 =0, 

^_^_ P + Alog.-^ = ; (37c) 

and when both these conditions are satisfied, it is 

XT* + (<=:0. (38c) 

4. Integrate the equation 

( />, I =: j; + ^/ (x" 4- C"). (39 e) 

Solution, This is a homogeneous equation, and (9 c) gam 

hence, by (30 c), the integral is 

« = -A (^^ + *=)-* = y; ' '-' (*^ + '")-* + i-' 
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or V(»' + <')— « = \/(*?+^)— I,, (41c) 

o' e^=a^-{'^ax, (42c) 

in which a is the arbitrary coaatant. 

5. iDtegrale the equation 

«.' = ? + fl-S-J- (««) 

''"■■ (7)'=(^)'- (««) 

6. Integrate (he equation 

An,. (!)'■=(•;.)-. (46c, 

7. Integrate the equation 
:(l+.log.l)i),,= J-(l+„l„g. ty ,47c) 

An. (i)--'-=(i)'^-. „8c, 

8. Integrate the equatioB 

+(/:/-+i a:- -I- jf (■"'+1 ;,- ) Z>, I = 0. (49 c) 

Solutim. This ia a case of § 319, and by pntling 

we have 

.<i; = log. *» x', ^;' = log. (*' a^\ 



(50 o) 



(51 c) 
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Equationi of the fint order, 
aod if a and a ure taken to Batiflfy the eqaat'ioa 

which gives 

«A + ». = »'A' + w'. .& + « = '"ft' + ii' (53c) 

*■— i'i — Aif ^ 

~ k-k — hk ' ^ 

we may put ,_„ , 

i-i = (tt*+*fi i^H^H , (56 c) 

and the integral of (49 c) becomeB 



+ -^^ 



9. Integrate the equation 

Ans. axU^+bfiz^=ax^^*+bt^^. 

10. Integrate the equalioD 

(3 a x^ (»+2 b t) D, 1+2 a ■^ t^-\-Z b *=0. 

Am, a(i3(3_x|T')-|_6Iog.^ = 0. 

11. Integrate the equation 

(Ai + A( + a)7>,* + A'i+ft'i + a' = 0. (58c) 

SolaiWR. Put, in this equation; 

z = i' + ?, i=f + «, (SS-i) 

and we ha»e Z>, «= D,x' :;= D,. z', (60 c) 

whence (58 c) gires (61c) 

(Ai'+Jti'+A !«+& «+a) i?,. a-^A' a^'+A-r+A' it+ft-a+a'sO; 
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Riccati'a eqiiBlion. 

and if a and ? are taken such that 

h? + ka-\-a = 0, h'fl + k'a^ a-=0, (62c) 
(61 c) becomes 

(hx' + k f) D,. z' + h'z'-\-kf=0, (63 c) 

which nay be integrated like anj other homogeneous equation. 
12. Integrate the equation 

i>, I + r I =: T', (64 c) 

ia which T aod 7" are functions of t. 



SoMm. 


. Let 




(' = 


f.T. 




(65 c) 


whenc 






B,l 


'=T 




(«6e) 




D,x 


= ». 


,xB 


\ C= T D, 


'\ 


(67 c) 


and it T" 


denotes the fal 


ueof 


-^ »he» t 


• ia 


substituted for 



t, (64 c) gifes 

D,.r-\-i.= T", (68 c) 

which ma]' be integialed by the processes of the preceding 
chapter, since it is linear, with constant coefficients. The inte- 
gral is, if i' is the value of t' when t becomes t, 

' = ',«'- + «-'/;■. r"," 

= i,<--'''''+e-J'7-; !■'«■'■''. (69c) 

13. lutegrale the equation 

"■ +t+i- (i+j)' 

An, ,-,('+')' I <^('+>')>+^-'■('+»r■^^ 
An,. •-*,(,^j,.+ ,i-+l)(,+J)> 

14. Integrate the equation 

D,x + hx^ = kr, (70 c) 

which is called Rieeati's iguatton. 
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Biccali'B equalioo. 


Solution. Letz' 


and f' be so lakeo that 




and we have 


ir + i^' ' 


' = (.^1 


(71 ») 


D, ^— D,. j!. D, t' 


=(M+3)f*+« D, 


,x'=(.-(-3)?ff,.^(72.) 


D,x= 


1 2 


D,z' 




= 


1 2 


(-+3)^' 


(73.) 


*i'= 


I 2 A 


(74 «) 


2>,z-|-Ai«= 


4_(»,+3)!fi), 


,1' *z«fi 


(76.) 


HeoM 




(77.) 


And if J ■ t 

.''=H3' *'-S+3' 


"- «+3 


(78.1 



which iB of the same form with the glren equation. Hence If 
Riccaii's equation can be integrated for any value m' of m, il 
can also he integrated for the tbIub m determined by (78 i]\ 
and if it can be integrated for the-value m, it can also be iat^ 
grated for the value m'. 

Let t be determined, so that, 

" = -27qn-- ("■' 
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RiccBti'i equation, 
and (78 c) givea 

" — 27+3-~2(i+l)+l' («'") 

SO that m' IB obtaiaed from m by iacreasing t b; uDity. Hence 
if the equation cao be integrated for any value of i, it can 
also be integrated for the values of I, which are greater or leaa 
by unity, and therefore for any value which differs from t by 
any integer whatever. 

But when t = 0, {82 c) 

we have m = 0, (83 c) 

and Kiccati's equation becomes 

I*,3; + Aia = ft, (84c) 

the integral of which is 

ir-f' ' - * W<^^*±^^^^l^^iiM)-f«5c^ 

so that Riccati'a equation may be integrated whenever t is an 
integer either positive or negative. 

When I = zb QC, ,(86 c) 

we have m:= — 2, (87 c) 

and therefore this case would only be obtained &om the pre- 
ceding, by an infiDite succession of Bubstilutions, This case, 
however, admits of direct integration, for, by the substitution 

Riccati's equation becomes in this case 

t^D.x'-{'X'^=kt'>, (89 c) 

which is homogeneous, and its integral is 

[2x+<-fV(l+4A)][2a^+t+TV(l+4fe)] _ /T w(i+<») 
i2i+W^(l+4i)][3a;^+T-TV(l-+-4/:)] ~ \' / (90c) 
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Equation! of ihe fint order. 

15. Integrate the equatioD 

^=0, (91 e) 

ID which P is a given funclioa of D, x. 

Solution. By solving ihe equation (91 c) relatively to D, z, 
each of its values will be found to be a constant, one of which 
we may denote by m. 

Hence J>,x^ m, (92 c) 

whence x — x^ = m (t — r) - (93 c) 

and the second member of (94 c) may therefore be substituted 
for D, X in (91 c) ; and if Q represents (he value of P arising 
from this substitution, the integral of (91 c) is 

Q = 0. (95c) 

16. Integrate the equation 

D, x^ = a". 

Ans. («-^,)»=«»(<-r)». 

17. Integrate the equation 

A/(l-^D,x') = a-\-bD,x. 
Ans. V[(^-«:,)^+((-')=j=«(*-^)+6(^-0- 

18. Integrate the equation 

D,x" = T, (96 c) 

in which Z* ia a function of t. 

Ans. x,-'X^=f^J/T. (97c) 
or the equation which is obtained by freeing (97 c) from radi- 
cals. 
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Equalionaorilie fin l order. 

19. Integrate the equation 

Am. (^-a.^+.*)=U(^ 

20. Integrate IM equation 

P^l, (98c) 

in which P is a given function of i), a;. 

Solution. By putting p = D,x, (99 c) 

(262) gives 

x=f.D,x=f.p=/.pD.l = pt~f.tD.p 
= pt-f,tD,p=pl~f,.P. (Id) 

and the integral is obtained by eliminating p between (Id) and 
the equation obtained from (98 c) by changing D, x top, 
31. Integrate the equation 

(=/>, j+e ' ^4- BJn. Dt X. 
Ans. It is the equation obtained by eliminating j> andp 
)>etweeD the equations 
t-p^e-\-smp 

X~l^z=p t — J»^i — J (p' p^) — ^-{-^^-\- cos, J> — 0O8.Pj. 

23. Integrate the equation 

t-\-aD,x=h»/{\-\-D,x'). 
Ans. It is the equation obtained by eliminating p and p^ be- 
tween the equations 

< + op = iV(l+p») 

•+«?, = »V(i+p|) 

+i.,v(.+p;)+j.o,.^'^. 
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HomageDaoiu eqoitioDi of fint order. 

23. Integrate the differential equation of the first degree, 
which is homogeaeouB in reference to the rariables x aod (. 



iSobtlim, Let y = 7. A'=i». 


{2d) 


which gires x = st 


(3d) 


I}fX — yD,t-i-ts=D,xI>^t=:pD,t 


(id) 


D,l _ 1 


(5d) 




(6d) 



But the subatitutioQ of (2d) in the given equation reduces 
to an equation canlaining only p and y ; hence the inlegnl 
(6 d) is readily obtained, and the repaired integral is obtained 
by eliminating^ and y from (3 d, 6 d) and the given equation 
in the form to which it is reduced by the suhstilutioa of (2 d). 

34. Integrate the equation 

AiK. The equation resulting from the elimination ofp and 
p between the equations 

» = P' + »'\'(>+l>') 

•-^ll±il\ _ /■?i±jsi(i±£;) u 
'. \i+i'J " Vj'+v(i+j'"p ■ 

35. Integrate the eqnatton 

x = Pt-\-Q, (7d) 

in which P and Q are functions of D, x. 
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Equations of tbe Grat order. 
Sobttim. Let p= D,x, (8 d) 

tni the difiereatial of (7d) gives 

I>fX = DtX.Dpt=:pD^t 
— PD^t + tD^P + D, Q, (9d) 

01 {p — P)D^t — tD^P=D^Q, (lOd) 

whrch is a linear equation of the first order, bj taking p as the 
iodependent v&riable. The integral of (10 d) is an equattoa 
between / and p from which p can be etimiQated by means of 
the gireo equation. 

26. Integr&te the equation 

Ans. The integral is found by eliminating p and p be- 
tween the equations 

• = (P — *)! + ."'' 

S=(P,-i)'+«"^' 

.— (p-p.).'"'' = .."<^->. 

27. Integrate the equation 

x=ztD,x-\-P, (lid) 

b which P is « fonction of D, k. 

Ans. If P denotes the value which F obtains when 
»— « ... 
J — ^ 18 substituted for D,x, the required integral ia 

(a, — a!T=((_r)i»^. (13d) 
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ElquatioDi of tha fint order. 
38. Integrate the eqaatim 

« = ( i>, « + » V (1 + ^- *')■ 
Ans. <iiv-x,«»V[((-T)a+(aH-i^)»], 

S9. Integrate the equation 

D,x={Af + Bd) 

Solution, Let u^xt~i, 

ot « = «/!; 

1 tC.ii 



,*-* 



' SM+B.')I 



,n which ii^ = i;^r~» 

SO. Integrate the equation 



in which /. and F. are an; given functions. 
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E<)uatioDi of th« fint order. 

Solution. Let r and qo be taken bo that 

( = r COB. % M = r eia. ip, (17 d) 

wl"*^ r»= «» + (», tan.,. = ^ (18 d) 

J3, * = sin. ¥ i), r 4- r COS. » Z>, fl. J ^ 

1 = COB. 9 i/, r — r BID. fi 7>, 9 ) 

and (16 d) becomes 

or /.tan. v.D,q> = r~' D.r .F.r", (22 d) 

and its integral is 

' in which x 

tan. q>j=^f, r» = ar' + i". (24 d) 



31, Integrate the equation 
* D,x — x 



f. («= + *"). 



Xn5. B; the notation of the preceding example, 
_ — /* /■ ra 

' '^~yr,rV[H'-(/.r'n" 
32. Integrate the equation 

* Z>, a — » * 
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£qualioiia of the Gnt ordar. 



33. IntegTtte the equation 

Ans. By putting 

r' = t'—x'>, Tan.T=^ ] 

r» = tB _ ie» Tan. tf = -^ , \ 

tbe integiral is 

34. Integrate the equation 

'P.' + ' _r/ /■(") V-ir'(2Sd) 

Am. By putting 

(he inlegrtl is 

f^rF.r'=f^ f.p. (30d) 

321. Profi/em. To integrate several differential equa- 
tions between several variables and their differential at- 
efficients taken v>ith respect to one of them regarded as 
the independent variable. 
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Equalioni of the Gnt order. 

Sohition. By taking tbe BBCcessife difibrealialB of these 
equations with respect to the independent variable, as manj 
new equations may be obtained as may be necessary to elim- 
inate from ibem, combined with the given equations, all the 
variables but two, of which one is the iodependent variable, 
together with their differential coefficients. The resulting 
equation will be an equation between these two variables, and 
the soccessive differential coefficients of one variable taken 
irith respect to the other, which is the independent variable. 

In most cases, however, the integration can only be obtained 
by some ingenious device. Examples of this problem will 
occur under the subsequent problem, 

222. Problem. To find a function v of several inde- 
pendent variables t, x, y, S^c, which satisfies a given 
differential equation of the first order, and becomes a 
given function ef the variables x, y, ifc., for a given 
value T of the variable t. 

Solution. If D' denotes the differential coefficient with 
reference to the given function of the variables x, y, &c., and 
if s, p, q, &i,ti. denote the differential coefficient« i>,v, D^ V, 
i>y>f, &c., we have 

I»'V=:j»Z>'* + jZ>'y + &.c. (Sid) 

If, moreover, x, y, &;c. instead of being independent off, were 
assumed to be certain funclions of t, we should have 

AV = s+p Ax + sAy + &6-, (32 d) 

the differential coefficient of which, relatively \a D' a 
D' Z>, V =p D' D,x + q D'J),j/-\- &e. ' 

+ D-s+D,x.J}'p-j-D.y.D'q-j-&c. (33d) 
22* 
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Kquation* oftha firtt ordar. 

Bat the differenUal coefficient of (31 d) relalWelj to t is; by 
this usuroptioD, 

lyD.v =pD'D,x-\-qD' D,!f + &.e. 

+ D,p.D'x + D.q.D-y{~&,c,-, (34d) 
and the difi«ence between (33 d and 34 d) ia 

ii = D's-}-D,x.D'p+D.y.D'g + &4i. 

— D,p .D'x — D,q. D'y -f &c (35 d) 
If the gWen difTereDlial equation becomes by the substitution 
^^ 'i P, 9> &c- '*'r the differential coefficients of ^f, 

JI = 0, (36d) 

it> differenlial coefficient is 

0=Z>^ R . D-^+D. R . lys+D, R . D'p+D, R . i)'y-f-&o. 
+D^ R . D'x+D, R . 2>'y4-&c., (37 d) 

wbich becomea, b; the aubstitutioQ of (31 d), 
0=D, R . D' i+D^ R . D'p+D, R . D* j-f&c. 
+(P i>^ R+I>^R)D-z+[q D^ R+D,E)Ds+&,t>. (38d) 

But (36 d) ii the only given equation between the quantities 
(, z, y, &c., s, p, q, &c., and caanot, therefore, determine 
more than one of the differential coefficients D' s, &c. in terms 
of the others ; so that the value of this differential coefficient, 
determined from (38 d), must be the aame with that giren by 
(35 d); and, conse^jueully, the product of (35 d) by D, R 
must coincide with (38 d). Hence 
1 D,x D,y 

d:r=~d;r^'7};r=^'^ 
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EquatioDsof [he fint order. 

and (33 d) gives, b; the theory of propoitions, each of Ihese 
fra-ctions, equal to 

5 D. R-\-p li^ R-\-q D, ii+&.c. " ^^^ ^^ 

Tbe equations (36 d, 39 d, and 40d) may then be regaided 
aa several equations of the first order, with one independeDt 
variable, and the values of z, y, &c., p, q, &c., V may be de- 
termined ia terms of t and of their values a;^, y^ &C., p^, 
q &c, V corresponding to the value t of t. 

Since for the value ^ of f, V becomes a given function of 
X, y, &c., it is evident that ^^ must be the same function of 
z^ , y^ . &c. ; and also that ;>, , 7^ , &c. must be the differen- 
tial coefficients of V, with reference to x^ , y^, &c. 

If from the integrals of (39 d and 40 d) the quantities 
Xt , y, &c. are all eliminated, and the ralue of v obtained, this 
value is evidently such a function off, x, y, &.c. that iff, x,y, 
^. are changed to 1, x , ;^, &c,, v will become^ ; but by 
the simple change of f to ''', V must become the same function 
of I, y, &C. which V, is of x^,y^, &c. ; that is, the value of 
V obtained by this process of elimination satisfies the problem. 

223. Examples. 

1. Integrate the linear differential equation of the 
first order, involving any number 0/ independent va- 
riables. 

Solution. This equation may be written in the form 

TD,^ + XD,<P+rif,v-\-&,c = M, (41 d) 
in which T, X, ¥, &,c., M, are funcliona of /, x, y, &e. aod V. 
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EqiMtioiia of tb« fini order. 



In tbia eaae (36 (t) b 

R = Ts-\-Xp'i-rg-\-&.c. — M=0, (42d) 



i), K = r, DfR — X, &,c. (43 d) 

and (39 d and 40 d) become 

1 D,x • D,y , D, V 

Tbe fractuns in the first line of (45(1) do not inroWe p, q, 
&M., and therefore the integrals of the equations in this Jiae 
give the required value of V', without resorting at ill to the 
second line of (45 d). 

CorvUary. WheneFer, bj the combination of the eqaations 
in the first line of (45 d), a number of equations is feuud eqoal 
to that of the variables Vt ', y, dec, and admitting of direct 
integration, such as 

D,U = 0, D, V= 0. &.C., (46 d) 

the required integrals are 

U= U^, r= V^, &.C. (47d) 

But V^, V^, &c. are functbns of V^, x^, y^, &c., from 
which, by the elimination of \,y^, dtc, the value of V^ may 
be obtained in terms of U^, V^, &c. ; and the required value 
of V is, consequently, the same function of V, V, &c. 

2. Integrate (41 d) when the quantities T, X, T, &c. are 
fimctions re^>eclivelj of t, x, y, &.C., each function involving 
but one variable. 
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Eqiiationa nf the flrst order. 

Solution. In this case, (45d) giTea 

whence the values of x, y, &c. are delermined in terms oC t 
aod Constanta. The subsiitution of these values in Jf re- 
duces it to a function of t, whieh may be denoted bjr M„ and 
we hav^ finally 

and the required value of V is obtained by substituting in 
(49 d) the values of x^ , y^ &.c., oblaim-d from (48<I}. 

The values of x^, y^ , &c may easily be derived from the 
values of z, y, &c. by changing i^, t, t , y , &c, into (, i( x, 
y, &.C. ; for the values of i, y, &c. belong to one end of the 
interval ( — i, in the same way in which x , y^ , &.o. belong to 
the other end of the same interval, so that f may be considered 
as the variable, while t is cooslaot. 

3. Integrate the equation 

tD.^ — xD,^- = 0. (50d) 

An,. v=/V(x'~*'+T«), (51 d) 
in which y) denotes the function which V is of z when t b^ 
comes T. 

4. Integrate the equation 

X D.^ -^t D,x=:0. 

A.,. V_/.(V'). 
where ^. has the same signification aa in (51 d}. 
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EquBIion of the Gni ordar. 

6. Integrate the equation ■ 

--(t)V(-^). 

wheie^. haa the same significaiion as in (51 d). 
6> Integrate the equation 

^■"•''=(4)-/[-(7)-]' (=«*> 

where y. has the same aignification as in (51 d). 

7. Integrate the equation 

tnd^. has the same signification as in (51 d). 

8. Integrate the equation 

« Z), V + V /), V + X = 0. 

Am. V« = r|-x''-f-(/.«^>». 

where x^ = x cos. \og. V «!)■ log- -> 

aaAf. has the same signification aa in (Sl'd). 

9. Integrate the equation 
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£qualion« of the first oidar. 

Solution, la this case (39 d and 40 d) give 
1 _ D,z _ P.v 
iV— « ~/— av ~ ax—bt ' 
Hence D,y -i- bD,x + a = 

and V y>, V 4- a: Z), I + ( — 0, 

tbe iirtegrals of which are 

V - V, + J (x-x,) +« ((-r) = 
V* — V'|+ a* — «^+ (• — r" = 0. 

Hence , (9 _ ,« -f. ^a — a» 

and the required integral is obtained by tbe elimination of 
z^ between tbe equalioiis 

V-/ x^+6 (z-^J+a{(_r)=0. (58 d) 

whsrey. has tfae sune BigoificBtioa as in (61 d). 

Corollary. The integral of this equation is, by the corollary 
to the first example, 

V + bx + at=9.(^-{-tfi + ^), (69d) 
in which r . m an arbitrary fooction to be determined by tbe 
condition that 

/.. + 4. + <.. = ,.[(/..)' + «?-|-^, (60d) 
or it may be. that v-|-( x-^-a^ is a given fiuiction 9 of 
♦a + xs + i^. 

10. Integrate the equation 
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Eqoalioo* at (be fir*l oidcr. 

A... * = ('r)-"/ [(,-)■'.(;)».«-]. m 

in which y. is the functioo which V' is or i, y, &,c when t bt- 

CoroBary. When ^ 

a=&=:e=&c=l, (63d) 

(62 d) becomes 

W thit <^ is, in this case, a hooK^neous function of the ntb 
degree, of f, z, ^, &.C., and (61 d) becomes, by the sobstitntioa 
of (63 d), a proposition applicable to such fuDctions, 

II. iDlegrate the equstioa 

^"■•'+-6^7 "-»+^ «.V^*c.=„,(65d) 
in wbicb I, is a giTen function of f, it a given function of ^ 
and L a given function of l,-\-l,-\-lg-\-6c.c. 

Solution. Let M=I, + l^ + l, + &.c, (66d) 

and (39 d and 40 d) give, in this case, 

J>,i, D.l.D.z D,l,.D,y . D,^ ,„,. 

Hence, bj the theory of proportions, and since 

D, M=D, l,+D. I. . D, x+D, I, . D, y-|-&>c. {68d) 

nL-^aM a {I,— I.) a{l.-l,) . " ' ^ 

where n is the namber of the variables t, x, y, &c. 
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EqiiBiioni or tbe fir*i order. 

'MPhence, since Lisa function of Jf, 

(TOd) 

J OM^n L+a m ^ l—i^ '**■ l-l,~ J ^^ h' 

where Vt— /ti^^r' *!■ *""■)• (71^) 

y baving the same eigniiicalioa as in (53 d) ; and the required 
integral is obtained by the elimination of x_^,y , dt-c. between 
the equalbns (70 d and 71 d). 

IS. Integrate the eqnalion (65 d) vhen 

X, = « Jf, and IT = 6 v« ('2d) 

Am. The equation obtained bj eliraiitfting Jf^ between 



(73ii) 

vC-Jf, = («J ■ ('") 

wfaerey is the function vhich v becomes of /,, ^, dbc, when 



When mn + a=:0, 

the integral becomes 

13. Integrate the equation (65 d), when L is any given 
function of the variableB t, x, g, &c., and V. 

Solution. In this caae, the first member of (69 d) must be 
omitted, but the other members give the Talues of all the va- 
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EquktioDi of ibe Grat oidsr. 

riables expressed in terms of tny two of tbem, and, therefore, 
the value of Z. expressed in terms of these two, which two 
raty, for instance, be v and t, and the equ&tion 

^=-^ (-) 

will be a diffeieotial equation of the first order between two 
variables, and may admit of eas; integration. 

Corollary. This method may be applied in any case, 
in which all the integrals but one of a system of diffe- 
rential equations of the first order have been obtained, 
and the final integral will depend only upon the integrih 
tion of a differential equation of the first order bettoeen 
two variables. 

14. Integrate the equation (65 d), whea Z. is a given fuDC- 
tionof l, + Ii-^ly + &.c. + I , and 






(77 d) 

^115. The equation obtained bj eliminating z^ , » , &c. 
between the equations 

where v, has the same eigniBcation as in (71 d), and 

i-'. + K + i. + i^'+'r' («") 

and M ia the number of the variables t, x, y, &.c., and % 
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15. Integrate the preceding ex&mple when 

l, = mt, X=L. (81 d) 

^115. The equation, obtained by eliminating L^ between 

^vhere v^ is the same as in (71 d). 

When m» + <i = 0. (83 d) 

the integral is 

T_v, m — L ^ ' 

16. Integrate the eqnation 

r + X+ F+&c=0, {85d) 

in which T is a fanction of t and P, V, X a function of z 
and D,^ , K a fiinction of y and D^ yi , &.& 

Solution. In this case (39 d and 40 d) become 

1__ D^ _ d^ _ 

i>, r ~ D,X~ D,Y'~^ (86d) 
_ iJ.y D^ D,y 

which give the equations 

D^ -T. i), X + I>, X. l>,p = 
D,¥.D.g + D,T.D,q = 0,&,c., (87 d) 
the integrals of which are, by denoting the values which JTi 
T, && have when x, y, &c., p, q, &c become z, , y, , &-C. 

jr = jr , r=:r &c. (ssd) 



cGoo^k 



268 iiTTcemiL cai^cuujb. [•.t.ch.xl 

KqUBtioaa oF tlia Ent or4ar. 

HenM,bj(65(l), 

r= T,. (89d) 

These equitions give >, p, ;, &c in terms respeetlvelj of 
t, s, y, A'C, which subsiUuted in (S6 d) give, bj iotegrstioD, 

These equaiioas gire r, y, &c. in terms of (, which, sabe^ 
tuted in (66 d) give 

/t t D.T+pD,X+g D,T-\-&.c. ,.,., 
. — ^ — ^^ z>-r^ — '^ * 

where V, is the same as in (71 d). The integral of the gino 
equatiun is, finally, the e(|uation obtained by eliminaiing s,i 
y^ > ^''- between (9J d and 91 d). In maicing this elimiDt- 
tiOD, it is to be observed that 

Pr = I>j; V,, ?, = />, .V^.aic. (92d) 



17. lategrale (&5d}, when 7* is a function of D,f,Xol 
U.V.&c. 

Solution. In this case (86 d ) gives 

p :^ p , g = q^,&,c. (93d) 
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Hence, if V, ia used aa in (71 d), and if 

/' («r ' *» • *•■=-) = -o* /(*T ' y,. *■<>■) 

/"K.S'T,ifec.) = I>y /(ic,,i(,,&c)&.c., (96d) 

the reqaired integral is obtained by eliminating s, p, q, &o. 
between the given equation and the equations 

q=f. |^x_^£-^((_t), y— ^l^(/-r),&,c. |dtc.(98d) 

18. Integrate the equation 

D,i' = a (D. V)^. 

Ans. The equation obtained by eliminating p between the 
equations 

V =/. [x + 2 a J, (( _ T)] _ a p9 (; _ T) 
and P~/-'i' + Qap{t~r)i 

where /and/' are used as in (71 d and 95 d). 

19. Integrate the equation 

(Z), V)" = 6 (Pr V)3. (99 d) 

^"*-*=/-[« + ('— ') Vfi], (le) 
where /is used as in (51 d). 
23' 
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Equation* oT tha Aral ordar. 

20. iDlegrate the equation 

K = 0, (2e) 

where A is a function of T, X, Y, &c., which hare the same 
■igniBcation aa in (8fld). 

Solution. It ma; euil; be abown that the equations (87 d, 
8S d and 89 d) are applicable to this case. Henbe the values 
of (, p, q, &c maj be found in terms respectively of (, x, y, 
&c., and these values, substituted iu (32 d), reduce the sac 
cesaive terms to functions reepectivel; of t, x, y, &c The 
integral of (32 i) gives, therefore, 

»- ». =/f ■ ■ +// r+f' j+fc- P«) 

and the value of v, obtained bj eliminating p^ , q^, &c. be- 
tween (2e, 3e, and 9S<)), satisGea (2e). The values of z^, 
y^ , &c. are finally eliminated bj me&ne of the integrals of the 
upper line of (39 d), which is freed from s, p, q, &c. by means 
o'f(88dand80d}.» 

The functions Dr R, D^ R, &c., are funciions of T, X, 
&c,, and therefore by (83(1 and S9d) they are constant, so 
that the integrals of the upper line of (39 d) become 

-i w » _ _J_ /**_!_— _L r^ -i_— A 

DrRj^^7T~U^J x' D.X~DtB.'J y'D-X'"^"- 

(4e) 
and the required integral is therefore the result of the elimina- 
tion of X , If , &e. between the equations obtained from (3 e 

'ffolt. Tfaii lut prooMB, which is neceararj in order that jfi xatj 
become a givea ruaclion of c, y, Ax. when 1 becomu t, ia neglactod 
in the ordiairy solutioD of thia question fiven id (Lacroii, Gala. Diff. 
«t Int., Sd ad., Vol. 1, p. 573). 
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and 4 e) by the aabstitution of (92 d) and of th« ralue of j 
obtained rrom (2 e) b; cfaknging T, X, Y, &c. to T^,X , 
1% , &.C. 

21. iDtegrate the preceding example when T, X, Y, &c. 
are the aame as in example 17. 

Ana. The integral in the equation obtained b; the elimtna- 
tion-of z^, y,, &c. and j^, between the equations obtained 
from 
V, = V, + 5^((-*) + p, (x— i^) + ?^(*-y,)+&c (6e) 

and K^ = e« (7 e) 

by the substitution of (92 d). 

22. lalegrate exiimi^e 20, when 

r=T'i),V, X := X' D^'V , &.a. (8e) 

where T', X', Y', &c. are functions, respectively, of t, k, y, 

Ans. The integral is the equation obtained by the elimina- 
tion of s^,Xj,jf^, dec. between the equations obtained from 

and Jt^ — 0, (He) 

by the substitution of (92 d). 
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Equalion* of ibe fint grder. 
23. lotegnte examine 30, when 

wheTe T', X', &c. are the same as in the preceding example. 

Ans. The integral is the eqaation obtained by the elimina- 
tion of «,, z^ , y^, &c. between the equations obtained from 

s,^T;+ ^^ ' / '^ ) r ^ (I3e) 



1, r*^r^— 



(Ue) 



and (11 e) b; the substitution of (92 d). 

24. To integrate the equation 

R = 0. {I5e) 

wben ii is a function of f,z,y, &c., D,,^, i>,V,&c. and f 
where 

9=/i>,V +J:Z>,V + &c. — y. (16e) 

Solution. If «, p, {, ^.c have the same signification aa in 
^229, (16e) gives 

V = ( s + « j» 4- &c. — V , (17 0) 

and if the differentials are taken, as if s,p, g, Slc. were the 
independent variables of vrhich t, z, &c. are fjinctions, we 
have 

D.9 — t-j-s D, t-\-p D, x-\-&i.c.—D, V D. t—D, V D. x—Sca. 
= *, (18e) 
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sod, in tbe same wajr, 

that is, t, X, y, 61,0. are the difierencial coefficients of ^ relsp 
Uvelj to »,p, q,&i,z., and, ibererore, tht intfgralof[\Se) maf 
fre obtained as if ip were the unknown function, s, p, q, ^e. 
the indeptndtttt variables, and t, x, y, 4*c- tie respective difff 
retttiat coejicients. 

224. When the required function v is dependent 
upon several variables, there may be several given equa^ 
tions between its differential coefficients, and the sulu- 
lion ia possible, provided the number of equations doea 
not exceed the uum&er of variables. In this case of 
several simuUaneous equations, as many differential co- 
efficients maybe eliminated as (he number of equaiions 
exceed unity; and the resulting equation may be inte- 
grated by the preceding methods. It is to be observed 
that, in the inlegration of this equation, those variables 
may be regarded as constant, of which tbe correspond- 
ing differential coefficients have been eliminated. Tbe 
relation of the required function to the variables, which 
have been thus regarded as consiant, is determined by 
substitution in the given equations of the result of the 
iotegralion. The limils of this volume do not, how- 
ever, permit any examples of this process. 
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CHAPTER XII. 



INTEGRATION OF SlrFEHENTIAL EQUATIONS- OF. THE 
GECOND CRD KB. 

225. Problem. To find a function v of two varia- 
bles, X and t, wkich satisfies a given differential equation 
of the second order, and which becomes a given fimction 
of X far a given function i of t, and its first diff^erential 
coefficient Z>, v , taken relatively to t, beixmes another 
given function of x for the same value of t, 

SolvtioJi. Let 

"^ i)!v, e = />;,, V, { = i),v, > 

aad let the ^veo equation, b; the aubstitntioD of these faloec, 
become 

ii = 0. (21 e) 

If D' denotes the differential coefficient of a function tskm 
relatively to either of the giten functions of x, we have 

D'^ = pD'x, Dp = iDx, Di = v.D'x. (2So} 
Although I is independent of t, it mnj be assumed to be an 
arbitTary function of t, and in this hypothesis V, p, s, &c. will 
become functions of t, and will give 

D,1'=s+pD,x, (23e) 

. ^.'^ = * + ^Ax > J 
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Equation! of the secand arder. 
The differeDtial coefficients of (24 e) are 

DD.s =D--\-D''t.D,x+i!DD,:c. ] * "' 
End those of (22e) gWa 

D'D,p = D,iD'z + iDD.x ■> 

D' D,s =D,tiDx + tD'D,x: 5 

which, substituted m (25 e), give 

D'e = V,i.D'x~D,x.Di, (37e) 

D' = D.v.D.x— D.x.D't 

= (D,<i — D,i.D^x)D'x-\-{D.xfD'i. (28e) 

If the values of D' V, D'p, D' s, D' v and D' « (22 e, 27 e, 
28 e) are sul>stituted in 

D' R=0, (29 e) 

the resulting equation contains the two arbitrary and indepen- 
dent elements D' x and D' £ , the coefficients of which, being 
put equal lo zero, give the two equations 

D^ R {D, xf — D^R.D.x + D^R = 0, (30 e) 

D^R{D,9 — D,i.D,t)~i-DgRD,i-^ilD.R-{-iD,R 

-i-pD^R + D.R=0. (31 e) 

Whenever, from a judicious combination of the equations 
(21 e, 23 e, 24 e, 30 e and 31 e), three eqaations can be found 
capable of integration, the elimination of q r" and I between 
the three integrals of Ihese equations and the equation (21 e) 
will give two equatioua belween p, s, V, x, x^,i'^, s^,p^, g^ 
and k . In the two equations thus obtained, D, V and D^ v 
may be substituted for s and p, Dt^ yj^ for p^, D^ V^ for j^, 
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Ifxf > for e, , and two functionB of x for V and s corres- 
pondiiig to the ^iven funclions of z, which V and s become 
when ( becomes t. Between the ^wo equalions thus obtained, 
■ may be eliminated, and ihe reaulting equation is a differen- 
tial equation of the first order, and its integral, obtained bj 
the methods of the preceding chapter, is the required inte- 
gral. 

This process is precisely similar to that of ^ S22, and is 
derived from the same principles. 

226. Corollary. The two given functions of z are whollj 
arbitrar;, and ma; be allogeiher independent of each other. 
They in»ol»e, therefore, in the general value of V, two inde- 
pendent and arbitrary functions of V, z and (, and which may 
be independent, not merely in reference to the nature of the 
functional operations themselves, but in regard to the variables, 
that is, lo the combinations of V, z and t, upon which they 
depend. This variable or combination is represented by x^ in 
the preceding section. There must, therefoie, in general, be 
two diiTerent values of x , each of which will give a different 
equation of the first order, the integral of eitber of which leads 
to the required value of V. But instead of integrating the two 
equations of this first order independently of each other, it will 
be found much easier to integrate either of the equations ok 
Isined from them by the ellraiaation of D,V or D,^. 

227, Scholium. There are many cases in which it is ex- 
pedient to transform the given equation, before applying this 
process of integration ; and some of them will bo considered 
among the examples. 

Whenever the three required integrals cannot be obtained, 
the preceding process is inapplicable, although the given equa- 
tion may sometimes admit of integration in these cases, by 
means of analytical artiGces. 
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328. EXAHPLBB. 

1. iDtegrate the equition 

I^.V^ (a+b) jy,,,^ + ab mv = P, (32e) 
'm wbich P is a given ftiaction of x and t, 

Sohitiom. In thu ease the equation (SI e) it. 

" + (a +,b) it + abi~P, (53e) 

and (29 e) is 

D'o^{a+b)D';i + abD'i = D.P.D'x. (31e) 

Hence, hy the substitution of (27e and 28e), the coefficient 
)f D' i placed equal to zero, is 

(D,zf — (a+b)D,x + ab^O; (35e) 



D,x = a 01 t-mb, (3e«) 

x — x^~ ait—T) or = fc(* — t). (S7«) 
The first of these two values reduces (23 e and 24 e) to 

D,i=' + aq=~—be^ab^-\-P=~bD,p-\-F,l ^^*' 
D,s + bI>,p = P, (39 e) 

in which P may by (37 e) be reduced to a fonction of (, and 
denoted by p, ; hence 

* — »r+6(j' — Pj=/;f,. (40e) 
In the same way, if s^ , p^ and F, dqnoto the eoimiponding 
Talues when the s«cond equations in (36 e and 37 e) are en- 
joyed, we find . 

* -«; + o (J» — p;) =/; Pi. (41 •) 
24 
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These two equations become, by the snbBtilutioDof/. z for the 
TSlues of * *nd D, V when tUr, 

B,vH-6 0,V-/.(»-o(+<iT)-*Z>,/{a^a(+ax)=Q, (42e) 

i>,V+aD.V-/o(*^*+6')-aZ),/(ar-d(+J')=Q', (43c) 

in which Q and Q' are the Taluea which the second members 
of (40 e and 41 e) acquire by the Bnbstitution for x^ of its 
value gifen by (37 e). TJie combination of these two equi- 
tions gives 

{a-b)D.V-af,(2^at-\-aT)+bf,{x-bt-\^r) 

(a-b) D, -^4-/. {z-a t+a ^)-f, {x~-b (-|-i ») 

+bD.f(x-at+a-r)-af{x^bt+br)=:Q'-Q, (15e) 

the integral of which is 

(o_i) V+Z./. (x-a t+a T)-/,/. (x-i t-\-b r) 

+bf(t-at+aT)-af.(x-al+ar)=/'{a Q-b Q'). (46e) 

S. Integrate the preceding examine when 
P = tx. 

Am. The equation (46 e) when its second member be- 
comes 
4 {a-b) (*-0' [4 I ((+2 ') — rV i<^+b) ('+3 «) (l-^)]. 

8, Integrate the equation 

(9 DJ V + 2 i X d; . . V + z« Z^ V- = ^. 
in which P is a given function of « and I. 
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lue of P whi 

when — — - ia subatitnted for x^ . 
4. Integrate Ihe eqaition 

in which P ib a function of -"'"^ 

Solution. Id this c&se (30 e) becomes by (20 e), 

whence D, x =: , (48 e) 

P 
lad by (23 e, 34 e .nd 27 e), 

O,» = 0, (49 o) 

D,p = e—'—, (50e) 



J),.-=P «nd il),.-=l; (52e) 

P P P 

cjiiiKcCoO^k 
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■nd NDM P i»t fnnetioD of—, the int^ol of (52 e) may be 

diTMtljr obuined, and gi*« — in terms oft, and this ralue 

P 
Mbalitoted io (48 a) giTos 

— ', = -/'7. <»-) 

wbenee, bj (49 e), 

V = V,=:/.x^; (64 e) 

and the required integral ia obtained bj tbe eliminatioD of z 
between (53 e and 54 e). 

5. Int^frate (47 e) when the aeeood member is zero. 

A... . = f.,_-^l^(l_,). (66.) 

in which Fib the inrerse faaction of y, and f is the diferen- 
tial coefficient of F taken with reapect to its rariable. 



6, Integruethe^auioo 




D!v.i?*-(J)!..»)>=0. 


(56.) 


Skhuim. In thii can (21 e) k 




■iid(30a)ii 


(37.) 


whenui ^ (B, •)> + S s . », . + ^ = 





t 
and (33 e and 24 e) give 

D,p=^0, p='p^ 
JD,V = ',+PjD,x 
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and (31 e) gives 

wbeoce 

.-.,= 5t(,_,) = A(,_,); 

and the required integral is the result of the elimination of 
X between the two equations 

x-r, = AlJ(i-.), (58e) 

in which the accenU denote the Buccessive differential coef- 
ficients of the functions. 

7. Integrate the equation 

when the value of V becomes/x./, x when t becomes r, &nd 
the valne of i>, V becomes 

/'x./.«-/i./.'., 
in which /' and/i are the differential coefficients of/ and y^. 
. Arts. y,=f(x + t--').Mx-t+r). 

8. Integrate the equation 

jDJV — Z^V — ^i?,V = 0. (60e) 

Solution. In this case, the general form of solution is in- 
applicable witboat previous transformation. For this purpose, 
by putting ' 

V = D, V, (61 e) 

84» 
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F^irtiii rfifci III !■! Hiiil 
the diHemUul nmKeina of (00 e) kIumcIj 1m I m 

Dtf — lKr—\i>,^ + ^r' = ». (6»«) 

Tb« intagnl of (03 e) mtj be fiMad bf lk« goaoal pniGMi, 
which giTCi 

i>,« = ±l, •— ■,= ±(<— '). (•»«) 

Ai=-±.= ±fl,J.+^-^. (04.) 

1>,!> = >±!, (6S«) 

i),»' = «±?. («««) 

ud tha ramiiadn, after Mtbtrteting (66 e), divided bj <* fran 

(64e)diTidedb;(, ie 

Um integral of whicb ii 

•;— :^=±(f-i')+p-&- («•) 

The >iiai of the equations iovoifed in (68 e) is 

8g,v^ / . (x-<+T)+/, (,+f-T) /;(,-t-i-r)-/;(»-t+t) 



in which/, 2, and /, I denote theraluesof V'andiJji^when 
t ii Ti and /,' x la the differential coefficient of/, z relitirelj 
(0 >. 
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£qiuti«Ba of lb* teoond otiti. 
Tlie integral of (69 e) i* 

+ /i (« + '-<)+ /.(«-* + -) 
-F,(z + t-.)^F,(x-t + r) ^ (69,.) 

in which FgX and jP, s are the integrals off^x and _/*, s 

telatiTflly to x. But it follows from (60 e, 61 a and 63 e) that 

/.*=/.^ (70e) 

/,»==/'.'* + ^/«»=. (71c) 

whence (69 e'} becomes 

+ /.('+'—)+/. ("^-1+') 

and ^ IB Dbtained from the integral of (73 e). 
9. Integrate the equation 

PD? v + 'SD;.,V+ rD|V = 0, (78e) 
in which P, S, and T an functions of i>,i^, and Z>^. 

Solution, Let 

9 = »( + p I — V, (74e) 

in which i tadp have the same signification aa in (30 e). 

And if the dififerentials are taken aa if « andp are the inde- 
pendrat Tariahlea, of which t and x are functions, we have, as 
m (18 • and 19 e), 

D,<p = t, I>, V = X. (76 e) 
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IntagKlioD of eqaation of lurfice of ii 



Tbe diSsrentiak of (75 «), lakn « if 1 u.d i are tha inds- 
p«ndeDt Mriablaa, while Ihe firat menibera are eipreaaed in 
terms ofii aad t, are 

aDd(76e)aDd(r7e)gire 

i?*= A» = ilfl);a> J 

i)!.,* = D,p=2)., = _«!,;., f 

J?* = B,p = jfD;,,, J 

ia which 

^■=(«.,rt'-c:».2);,, (ree) 

and the aubetitution of {78 e) in {74 e) gives 

■'■i);»-«i¥..,+ Ti)!, = 0, (80e) 

which ma; he integrated a. ifp and , were the independent 
raiublea. 

10. Inlegrat, Ihe equation of the surface of mini- 
mum extent. 

Sehaim. B, chujiej. i„ (959), ,, , ,„d ^ „ ,, ^ „j 
to correapond to Ihe notation of IhU section, that equation b» 
comes 

(l+(I>.»)")I?v-2A*.i).»D!..*+(i+(j),»,i)D;,=0. 

B, the aubstilntion of the preceding example this eqa.tim 'hi' 
cornea ^ 

(l+P")i>> + 2p.fl;.. , + {,+,.,/,.,=,,_ ,82.) 
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lotegMliOQ ot aqnatioD of nirfkoa of minimum extant. 

which cannot be inte^at«d bj the direct kpplicstion of the 
generil process. If, bowerer, we put 

y = D.9, (83 e) 

the differential coefficient of (83 e), relatively to s, is 

( 1 + pS) 2^ V' + 2 p . d; . , 9' + ( I + ,«) ij; »' 

+ 2pl>,v' + 2jl>.<p' = 0. (84 e) 

The general prtweas applied to tbU caae gives, bj putting 

(l+.3)(Z>,p)«-2p.I>.p + (H-j^)=0. (86e) 

the integral of whicb, found by tbe process of Ex. 37 of 
^SSO, ii 

p_f=&.±v[-.-(f^;)'], (87.) 

in wbich j^ and p^ sbould be accented when tbe lower sign is . 
nsed. 

Instead of proceeding with the direct process, we may put 

.='-=£', »=?^, (88.) 

and (87 e) gitM 
p = ». + V(-l->»') = »'— V(— 1— »"), (89e) 
(I+,.)„._3j„„ + (l+ji»)=0 1 

(l+..).._2p,„+(l+p") = 0, j («>•) 

i>,j. = »i>,*, i>.p»iii).i, (93e) 
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lBM|ntiaii oT equalion oT anrfoM of 



i>. V* = (»/>, »' + I>, ¥) O. ', (1»«) 

= - [(» +p')^»' + 21. » i^., T- + (I + i«) i>:?l 

1+'' (2pD^^ + 2>D..p')(l+t*) 



= 0. (94e) 1 

Hence we find hj integration, 

?/ = /". M — r. m r +/ n, (95 e) 

in which f.n is the function which f becomes when m be< 
eoines Di , and D^ f. m is the function which !)„ f' becomes 
for all talues of m. The equations (75 e and 83 e) give the 
Tslues of V , t and x in tenas of m and n. But it ma; be ob- 
. served that ( ia the same as q/. 
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CHAPTER Xiri. 



PAHTICDLAR SOLtTTlOHS OF DIFFERENTIAL E^UITIONS. 

229. In addition to the integral of a diffcretitial 
equation, there are particular solutions, which are not 
included in the general forms of the integral. 

230. Problem. To find a particular solution of a 
differential equation of the first order between two va- 
riables. 

Solution. Let x and t be the variables, and let 

K = . (96e) 

be the equation, and let 

X = (97 e) 

be the required solution which is supposed not to be included 
in the general form of the integral represented hf 

V=0. (98 e) 

If, howerer, (97 e) were a case of (98 e) corresponding to 
the value x^ of the arbitrary constant x^ inTohed in (98 e), 
and if we put 

h^x^—x^, (99e) 

the difference between the values of z derived from (97e and 
96 e) must vanish with h, bo that where A is an inGniteaimal, 
if x' denotes the value of z derived from (98 e), and z its value 
from (99 e), we may put 

3f~-x = X'}r, (If) 
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PartienlM •olulioa*. 

in which X' ia a function of t and t difibrent frtun zero. If 
p ia the valne of D, x gifen hy (97 e), and j^ its ralae pnu 
bj (98 e), we shall aim hare, when x* — z ia an infiDitcainul, 

J**— p=P'{i' — x)-=i»'X"-A"-, (Sf) 

in which P' is a function of x and t different iiwn zero. 
But the differential of (I f) gives 

p'—p=z D,X'.h\ (3f) 

Whence we must have, if (97 e) is a case of (98 e), 

P.X" h'' = D,X'.k\ (4f) 

But if nt is less than unity. A" ' will be infinitel; greater tban 
A'i'and the equatioo (4 f ] becoiues 

P' X'=Q, (5f) 

which is impossible, so thut in this case (4 f } cannot be sati> 
fied, and (97 e) is not a case of (98 e), and is eonseqaeallj a 
particular solution. 

If ai had been anity, (4 f ) would hare been ledneed to 

F.X=D, X', (S f ) 

which is easilj satisfied. 
If SI were greater than unitj, (4 f) becomes 

D, X' = 0, X' = constant, (7 f ) 

so that a particular solution is only indicated by. the condition 
that m is less than onity. 
The differential of (2.f ) gives 

D^p' = mP'{tf —«)-■, (8 f) 

which, when x' differs infinitely little from x and m is less than 
unity, gi? es 

i>.p = -=J; (9f) 

HaX is, DxP is a fi'actioD wtiose denominalor is zero. 
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Particular Bolutions. 

The diSerentiation af (96 e) relatively to x gives, by substi- 
tuting p for D^ x, 

D^R.D,p + D,R=^0, (10 f) 

Whence by (9 f), 

i>, «== 0, (12 f) 

provided the numerator caoDot become infinity, which will 
be the case when (96 e) ia free from radicals and fractions. 
This equation (12 f) corresponds to the particular solution, 
and leads to the particular solution by the elimination of p be- 
tween it and the given equation (96 e). 

231. C&roUary. A similar method of finding particular so- 
lutions may be extended to other differential equations, 

232. EXAMPLES. 
1. Find the particular solution of the equation 

( + I B, X = d, X V (*" + '* — fl*)- (13 f ) 
Solution. This equation, freed from radicals, becomes 
(t + xpy=p'{z'+t'-a'>), 
whence (13 f) becomes 

x(t + xp)=p{x'-i-t'-a'). 

The elimination of p gives for equation 

(x' — a") (i» +t'* — a') =0, 
of which ihe factor 

l2-}.(3_O'=0 (14 f) 

is the particular solutioD. 
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rirtioulnr noluliom. 

2. Find the parlicaUr solution of the equation 

x — lD.x + P, (15 

in which P ia x given function of D, x. 

Ant. It is the equation obtained bj the eliminaUon ofjt 
between the equatioq 

^ = tp + P' > 

and t + D^P'=0, S . 

in which P" \a the value of P obiuned bj the subetitution of 
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PEIRCE'S COURSE 
PURE MATHEMATICS. 

A Course of Instraction in Pure Mathematics, for the Use 
of Students. By Benjamin Feirce, A. M., Perkins 
I^fessor of Ma^ematics and Astronomy in. Haivajd 
University. 

1. An Elementary Treatise on Plane and Solid 
Geometry, l vol. l2mo., with plates. 2d edition. 

' The book is tltronghmit ttmple, thoagh nest And concfse ; and, a« far 
as we can see, Ibbtbi nothing to be desired In thlBbnmoh of matbematio. 
The doctrine of pamllal lines u presented by Mr. Peirce la concise, intel- 
ligible, and in our judEment entirely saUsfaotory. Bnt this Is not the 
onlj unproTement. Eiery page sbowa the same power of condensing, and 
the same neatness and eleg;ajice, for vrhich the two works on Trigonomeby, 
by the same author, are so remarkabie.^^JVbftA Aauriean Revuvr- 

2. An Elementary Treatise on Algebra. To which 
are added £xponential Equations and Logarithms. 
3d edition. 12 mo. 

The editor of the Christdan ExHniiieT, after qwakiDc of the Algebn, 
oo&elndeB by saying : ' We oan aay nothinr beCtw tat ttie book tfaaa that 
he (Prof. P.*) prepaied it, and that It Aillj nutabu the rapntatirai tai 
■cienee which he has aiready won. Those who tn tntensted m the tnb- 
jeot, will And numy new Ihinn in this treatise deservliig their attentiOD; 
partumlarly the polynomial theorem of Arbogast.' 

3. An Elementary TreaUse on Plane and Spher- 
ical Trigonometry, with their Applications to Navi- 
gation, Sarveying, Heights and Distances, and Spheri- 
cal Astronomy, and particularly adapted to explaining 
the Construction of Bowditch's Navigator, and the 
Nautical Almanac. 3d edition, 12mo, with plates. 

'The work, of which we give the title abore, (Plsse and SpitericBl TriK- 
onometry,) is part of a coxirae of elementmr mathematios, wni'di he (PrS. 
P.) has Ri>eD notice that he mteads to pnblisn. They show, thron^oDt, the 
tnarka of an oiivaal thinker. Bat in thii work there is a unity and homOEe- 
■, iriiich shows that it is not mere compilation, bnt that It has 



fimnd fnUy equal, if not iiiperior, to any woiis now in use, for the purpose 
fin wtuoh Hmj trtM dedgned.'— JWifli Amtaaut Bmntw. 

a textJNKik fin mdi ■ ooone at InatmotiDn as ia nsnally tao^t in 



elementary 
doubt they 
' ' JISwl 
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lAMCI HOMKOI AMD COKPAKl'l PrBLtCATIOMI. 

PEIKCE'S COURSE s>~ 



NATURAL PHILOSOPHY. 



Designed for the TTse of High Schools and Colleges 
Compiled by Benjamin Peirce, A. M., Perkins Profes- 
sor of Mathematics and Astronomy in Harraid Uni- 
veisity. To be comprised in five vols. 8to. 

Volmnellof this Conns ii dow pabliBbvd, uid hu be«n tdopttd u s 
l<xt-6oak ia the Unironitf at Cunbiidga | uid aoaCaini 

An Elementary TreatUe on Boond. 

' Oof limiU do not lOloiTiu to g^ve > mmnts review of this Bzc«Ileiit woA, 
which li dJ>Cin^i>lied no leu b^ (he eimatnega and roetbod of ita ediauce 
than the Bimpbcit; and penpicnlty of iti las^nage. Thoie, vho can com- 
prehand any icientiflo InieitlgaCioa of tbii kmd, ciuuiot iiul M undentand 
the viflwa here given of a lot^eot whioh ii c^rtainW ambursMod with 



. . jethar iiktractalil«." 

beoinDlng orthe work li a veir oompreneDriTe lilt of wiiten 

ndui geoetal, m wall at mndoal aa' -" — •- '-— " 



man* diffionltles, and, in oertain paitimilan, (to it 

hj AoC PelnM to one portlaD of ma Ksieace,) " all 

' At tbe beoinDlng orthe work li a veir oompi 

ym Soond Ui general, m well at mndoal aad other aoDnda, from ttw aga 
Aiietotle to the pMMOt day, which hat bean mpand with vast labor 
and bidniCr]', and a, we believe, the moat oompleft oatatcwae of the kind 



aitant In any lanruaga. Thj> labor Blone tl of inoalooiahTe value 
kjidinir a work .„ ^^^^^^ ._™ ^ , 



, . J of portoing di* inlyact, to wlvnn wetaka gnat 

pleunre in recommending a work » aimpla and ineligible, and, at tfa* 

'•ft^m.tiia.'—acientilbsanJLitmiryAimtai. 



is second viMniDa at a 

. . nsnjr books, good and 

bad, an written, on eveiy varietj of subject!, and wiUi partknilar adapta- 
tion to the widely dlfTsrent cIukb of readers — and espociBtlj whan Ow 
overflowing mpply of manaals used seema to leave notbing to b« wanted 
ia the woA of matmotion ~ i t la a little abignlai tbat thenis oooasiMi Gv 
the ismaik tbu this volume fllla a gap whioh no one befbra appaan to 
have notioed, or, at any raw, to have SLdenvored to close. In alementsry 
Inalises pnpared eiclasivel^ for the use (tf oemmoD Bchaab, aoooAicB 
.. ...._ ,i._.i i_ _ 1. KT, anioog the other bianahes of 



D be in^i>duced into aJI <mr of^egea, a^ 
"o glad to know that it baa been execntod 
enoh a miuiner as will leave little demand for another. 

originality 1q this woA. Be teDa qs 

eaflae on Sound, written (br Ihs Enoy 

remodelling that 

, . laeqnance, as well 

as embodied the very important discnveriea recently made by Faraday i 
■ ■ ■ ■ ■ ' - . - -- '-->ai whole ont of all the 

subject. The labor of 
aa; that it has been 
doDfl accurately, ajid ieavea nothiug more to be deaiivd, 

' There is one subject connected witlt aooaitica which i*«(tran(dy diffi- 
cult, and En which wo Ihiiilt Professor Peirce has been remarkably ano- 
ceuful ; the organa of the Himian voice. There have been very oontFadio- 
tory theoiiet in regard to the peculiar service of each part of tbis complai 
structure. In Mr. feiroe'a btnik it is ihown bow they might be recoaoiled. 
— Jfoni Amwicm Btvina. 
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